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Ordinary Differential
Equations

Analytic Solutions



First Order Differential Equation

To solve a first order differential equation, say for example
y' =xy

A\ matiae R20110

Fie Edt Debug Parallel Desktop Window  Help
NE | £aBB 2 ¢ | §rd 2| @ || crogem ReMATLABR20LIBbIn

- Shomcuts |A] How to Add  |#] What's New

¥ = fJsolve( "Dy = yEx' . 'EY)

F:

| C2*exp(x~2/2)



Initial Value Problem

To solve an initial value problem, say,
y' ' =xy, y(1)=1
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Second and Higher Order Equations

Suppose we want to solve and plot the solution to the second order
equation

y'(x) + 8y (x) + 2y(x) = cos(z);  y(0)=0, y'(0) =

>> syms X, eqn = 'D2y + 8*%Dy + Z2*y = cos(x)'
ic = 'y (0)=0, Dy(0)=1";
y = dsolve(egn,ic, 'x")
y =
1/65%cos(x)+8/65*sin(x)+(-1/1304+53/1820%14"(1/2)) *C&p((ﬁk+14 (A.J2))%
-1/1890*(u3%—14 1/2 *14 (1/2)*exp(-(4+147(1/2))*x) | 02

016 F

>> ¥ = linspace(0,1,20); 01}
>> z = eval (vectorize(y)):; 0.05
>> plot(x, z) ol
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Ordinary Differential Equations

Numerical Solutions

MATLAB has a number of tools for numerically solving ordinary
differential equations. In the following table we display some of them.



ode Initial value problem solvers

Solver Method used Order of When to Use
Accuracy

ode45 Runge-Kutta (4,5) formula Medium Most of the time. This should be t}
first solver you try.

ode23 Runge-Kutta (2, 3) formula Low For problems with crude error
tolerances or for solving moderate
stiff problem:s.

odell3 Adams-Bashforth-Moulton solver Low to high For problems with stringent error
tolerances or for solving
computationally intensive problen

odel5s Solver based on the numerical Low to If ode45 is slow because the

differentiation formulas medium problem is stiff.
ode23s Solver based on a modified Rosenbrock Low If using crude error tolerances to

formula of order 2

solve stiff systems and the mass
matrix is constant.




Defining an ODE function

[outputs] = function handle(inputs)
[t.state] = solver(@dstate, tsii: ,ICs,options)

A/

An array. The solution of ~ Matlab algorithm  Handle fur function Vector that spedﬂecs the  Avector of the
the ODE (the values of (e.g., odeds, containing the  inferval of the solution initial conditions
the state at every ime). ode23) derivatives g, [t0:5:tf]) for the system

(row or column)




Defining an ODE function

sol = solver (odefun, [tO0 tf],vy0,options)

Example 1

y=ty+y, y(0)=1  0<t<05. ol
>> f=inline('t*y+y") 1:
f = 1.4+

1.3F

Inline function:
f(t,y) = trxyty 1l

1 1 1 1 1 1 1 1 1 1 |
0 0.05 0.1 015 02 025 03 03 04 045 05

>> [t,y]=0ded5 (£, [0 0.5],1);
>> plot (t, V)



First Order Equations with M-files

Example 2

dy/dx = xy? +y, y(0) =1, x€[0,0.5].

function out = example?Z()

xspan = [0, .5];

vo = 1;

[x,y]=0de23 (@firstode, xspan, y0) ;
plot (x,V)

function yprime = firstode (x,Vy);

yprime = xX*y*2 + y;



Solving systems of first-order ODEs
Example 3

y,i = Y, ¥3, y,(0) =
Y2 = ~Y1Y3, y2(0)
y3 = —0.51y;y,, y3(0) =

function example3
tspan = [0 12];
yO = [0; 1; 117

% Solve the problem using odeéd5
oded45 (@f, tspan, y0) ;

function dydt = f(t,vy)
dydt = [ y(2)*y(3)
-y (1) *y (3)
-0.51*y (1) *y(2) 1;




... 90lving systems of first-order ODEs

To define each curve

function example3
tspan = [0 12];

1 1 1[ // \\\ T // \\ // \\
yO - [Or ’ ] ’ 0.8 \// \\\ \/ \\//
0.6- |\ / /,\\
% Solve the problem using ode4b oal !\ \ ! o
[t,y] = ode4d5(Rf, tspan,y0) ; 0z . ! o
/ | ‘ / \

0- \ \ // ; \
plot(t,y(:,1),":x',t,y(:,2),"'-.",t,y(:,3)) 02- \ i |
legend('y 1','y 2",'y 3',3) 04 v k \
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function dydt = f(t,vy) -mf*”f S N v
3 X N L/ \ ,

dydt = [ y(2)"y(3) B S T

-y (1) *y (3)
-0.51*y (1) *y(2) 1;



Boundary Value Problems

sol = bvpdc (odefun,bcfun,solinit)



Delay Differential Equations

Functions

dde23 Solve delay differential equations (DDEs) with constant delays
ddesd Solve delay differential equations (DDEs) with general delays

ddensd Solve delay differential equations (DDEs) of neutral type




dde23

Solve delay differential equations (DDEs) with constant delays

sol = dde23 (ddefun, lags,history, tspan)

Example 4
v,/ (0 =y (—-1) y, (1) =
y. (1) =y, (1. v. (1) =



function ddexl

sol = dde23 (@ddexlde, [1, 0.2],@ddexlhist, [O,

figure;

plot (sol.x,sol.vy)

title('An example of Wille'' and Baker.');
xlabel ('time t');

ylabel ('solution y');

function s = ddexlhist (t)
% Constant history function for DDEXI.
s = ones(3,1);

function dydt = ddexlde(t, vy, Z2)

% Differential equations function for DDEXI.

vliagl = Z(:,1);
vliag2 = Z(:,2);
dydt = [ ylagl(1l)
vliagl (1) + ylag2(2)
y (2) 1;

5]1);

¥ I-I' Y
v, (1)
¥,'(1)
v, (1)

3"1[.?:' =1

v, (1) =

v, (1) =1
J

v, (t—1)
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Partial Differential Equations (pde)

pdepe

Solve initial-boundary value problems for parabolic-elliptic PDEs in 1-D

Syntax
sol = pdepe(m,pdefun,icfun,bcfun,xmesh,tspan)

sol = pdepe(m,pdefun,icfun,bcfun,xmesh,tspan,OPTIONS)

[sol,tsol,sole,te,ie] = pdepe(m,pdefun,icfun,bcfun,xmesh,tspan,OPTIONS)



Arguments

sol = pdepe(m,pdefun,icfun,bcfun,xmesh,tspan)

aetun
CTun
cTun

mes
span

ptions

A parameter corresponding to the symmetry of the problem. m can be slab =0,

cylindrical =1, or spherical = 2.
A handle to a function that defines the components of the PDE.

A handle to a function that defines the initial conditions.
A handle to a function that defines the boundary conditions.

A vector |[x0, x1, ..., xn|], xO0<x1<...<xn.

A vector (t0, t1, ..., tf], tO<tl < .. <tf

Some OPTIONS of the underlying ODE solver are available, See odeset for details.
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0
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u(x, to) = uo(x)

BC
p(x, t,u) + q(x, t)f(
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ingle PDE

xample 1.
nis example illustrates the straightforward formulation, computation, and plotting of the
lution of a single PDE.
du d [du m =0
Tl — = c=m?
dt dx\dx
ou
f=3
This equation holdson aninterval 0<x <1 fortimest > 0. S=0
The PDE satisfies the initial condition
u(x,0) = sinmx IC ug
and boundary conditions
u(0,t) =0 pl=ul, ql=0
au BC = —t =1
ne‘t+a(1,t) =0 pr=me -, qr

It is convenient to use subfunctions to place all the functions required by pdepe in a single M-file.



1iction pdexl

= 07
- linspace (0,1,20);
- linspace (0,2,5);

. = pdepe (m, @pdecfs,@ic, @bc,x,t);

= sol(:,:,1);

solution profile can also be illuminating.
ire;

C (x,u(end,:),'o',x,exp(-t(end)) *sin(pi*x));
le('Solutions at t = 2."');

=nd ('Numerical, 20 mesh points', 'Analytical',0);

bel ('Distance x'");
el ('u(x,2)");

function |[c,

c = pit2;
f = DuDx;
s = 0;

function u0

u0 = sin(pi*

f,s] = pdecfs(x,t,u,DubDx)

= ic(x)
X);

function [pl,gl,pr,qgr]

pl = ul;
ql = 0;
pr = pl * exp(-t);

qr = 1;

bc(x1l,ul, xr,u:



Solutions at t = 2.
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