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Introduction to Divided Differences

Suppose that P, (x) 1s the nth Lagrange polynomial that agrees with the function f at
the distinct numbers xgp, xy, . . ., x,. Although this polynomial is unique, there are alternate
algebraic representations that are useful in certain situations. The divided differences of f
with respect to xg, xy, ..., x, are used to express P,(x) in the form

P,(x) =ao+ a1(x — x0) + a2(x —x0)(x —x1) + - - - +an(x — x9) - - - (x —x»—1), (3.3)

for appropriate constants ag, ay, . .., a,. To determine the first of these constants, a;, note
that if P,(x) 1s written in the form of Eq. (3.5), then evaluating P, (x) at x, leaves only the

constant term ag; that 1s,

g = PH(II]} = f{-rl.']}*



Introduction to Divided Differences

PH'(-T} = dgy + d| (.I' _ ID) s ﬂE(I _-‘:ﬂ]’(-r —I[]‘ 5 +ﬂn(-r . Iﬂ) T (—I il Ii"i—])! {35}

dpy = PH(IU} = f(-xﬂ}*

Similarly, when P(x) is evaluated at x,. the only nonzero terms in the evaluation of
P, (x,) are the constant and linear terms,

fxg) +a,(x; —xp) = Pplx)) = f(x)),

_ fx) — f(xo)

X1 — Xp

)

(3.6)



Introduction to Divided Differences

We now introduce the divided-difference notation. which is related to Aitken’s A?
notation used in Section 2.5. The zeroth divided difference of the function f with respect
to x;, denoted f[x;]. is simply the value of f at x;:

flxil = f(x). (3.7)

The remaining divided differences are defined recursively: the first divided difference
of f with respect to x; and x;,, 1s denoted f[x;,x;. ;] and defined as

flxia] — f[—’ff].

Xit1l — A

(3.8)

f[-th-ri—l-ll e



Introduction to Divided Differences

The second divided difference. f|x;,xi+.xi+2], 1s defined as

flIXe1sX42] — f[-’fh-’ffﬂ]l

Xi+2 — &

Flxi X1 Xia] =
Similarly, after the (k — 1)st divided differences.
F Dot X1, X2 o oo s Xigk—1]  ANA  FXip1, X420 o o« s Xitbk—1, Xi4 1]y

have been determined, the kth divided difference relative to x;, x;o 1, Xj02,. .., Xjsp 18

X Ai . — Xy Aq T 7 £ 1
f[‘rfj-r!:_t_l, . ?_rj+k_],_rf+l] S nf[ [+]5‘ I+1’ 3 I‘!‘k] f[ i 1+]'-‘ ) f"‘l 1] ] {3.9}
Nitk — X

The process ends with the single nth divided difference,

JH%25 0 55 %] — F | X B a0+ 5K ]

.rn — .‘:l]

f['rﬂ&-rlt <. .'u-r?i] =



Divided Differences Table

First Second Third
X filx) divided differences divided differences divided differences
o flxl _
flxo.x] = f[‘ll] : {[-‘:J]
X flx] K C— Fixix:) — Flxa%]
X —:Xp
flxi.x] = f[-l.;] : {[A’l] Flagnizsmle f[ﬂ.l.Az.Xi] : {[.tu,x]._tl]
2 flxs] flx. 0] = f[xbxil : .:[x:lr-'r:]
TRl = f[)i:] : {[II] Mstnl= -f[""z’*"-*e-*:] : f[ln.xz,x:.]
. J el Flxsios,x4] = f[.T_q,I:] : {[*12-13]
flxsx]= f[A;] : _:[.1'3] Lt xaxeo 1] = _f[.r;...n..r:_:'] : f[xmxhx“]
A4 flxl Fls, Xy, xs] = flxs.xs] — flas, x4
Xy — X5
Flrpry) = L1 = fn]
Xs — Xy
Xs flxs]




Introduction to Divided Differences

PH'(-T} = dp + H](I _-I[I) _l"ﬂﬂ(-l' _-‘:ﬂ}(-r —I[]‘ 5 +HH(I _Iﬂ) T (.1' _Iﬂ—])! {35}

Hﬂ — f(t'g] — f[l‘g]. ad) — f-l‘rﬂi']:ljf t = .fl'tﬂ!-rls-rli- . !Ik]r

P,(x) = flxo] + Z flxo, Xty ooy ] (x — x0) - - - (x — Xp—1). (3.10)
k=1

Newton’s Divided-Difference Formula



Introduction to Divided Differences

Example 1
The following table lists values of a function f at various points.

X 0.6 1.0 1.2 1.4
f 0.36 3.00 5.76 9.80

a) Use Newton’s Divided-Difference Formula of degrees one, two, and three to
approximate f(1.1).
b) Find the absolute error if f(x) = 5x3 — 2x?2.



Introduction to Divided Differences

Solution
RN
0.6 0.36
3.0-036
f[xoyxﬂ ~10-06
1.0 3.00 13.8 — 6.6 _
1.2—-06
576 —3.0 _ 138 5
1.2—1 7
1.2 5.76 16
9.8—5.76 0.2
1.4—12  °7

1.4 9.80



Introduction to Divided Differences

Solution

P,(x) = flxo] + Z I X0, X1; o s X ] (8 —Xp) =0 (X — X))
k=1
* A polynomial of degree 1

p;(1.1) = 0.36 + 6.6%(1.1-0.6) += 3.6600

To find the error compute
f(1.1) =5x%x1.1° =2 x 1.14= 4.2350

|f —p.| =14.235 - 3.66| = 0.5750.



Introduction to Divided Differences

Solution

Py(x) = flxo] + Z 1 s e ] (6 —X) =0 (& —=25—1)-
k=1

A polynomial of degree 2
p,(1.1) = 0.36 + 6.6(1.1-0.6) + 12(1.1-0.6)(1.1-1) = 4.2600

|f —p,| =14.235 —4.26| = 0.0250.

A polynomial of degree 3
p3(1.1) =036 +6.6(1.1 —0.6) + 12(1.1 — 0.6)(1.1 — 1)
+5(1.1-0.6)(1.1—-1)(1.1 — 1.2) = 4.2350

If —ps|l =0.0



Matlab Program

Write Matlab program for Example 1

Newton's Divided-Difference Formula

To obtain the divided-difference coefficients of the interpolatory polynomial P on the (n41)
distinct numbers x,. x;. . .., x, for the function f:

INPUT numbers xq. %, ...,x,: values f(xp). f(xp). ..., f(xy) as Foo. Fioe....Fno.
OUTPUT the numbers Fy4.F) 4, ..., Fy, where

n i—1

Pu(x) = Foo + ZFM H[I — X} (Fig is flxo, X052 .5%])

=l j=0
Step1 Fori=1,2,....n
Forj=1,2,...,i
set Fij = F""r_l FJ_I"r_]. (Fij =T By scosa i)
.I’;—If__;
Stepz OUTPUT (Fog.F1.1,.-<+Fra);

STOF. [




Matlab Program

Output
F =
0.3600 0 0 0
3.0000 6.6000 0 0
2.7600 13.8000 12.0000 0
9.8000 20.2000 16.0000 2.0000

4.2350



Suppose that f € C"[a, b] and xq, x,, . . ., x, are distinct numbers in [a, b]. Then a number &
exists in (a. b) with
(e

f[IUS'rl'}"'!xﬂ]: | . L
n.

Proof Let
g(x) = fix) — Pulx).

Since f(x;) = P,(x;) foreachi = 0, 1, ..., n, the function g has n+ 1 distinct zeros in [a, b].
Generalized Rolle’s Theorem 1.10 implies that a number & in (a, b) exists with ¢/ (&) = 0,
SO

0= FoNE) — PPE).
Since P,(x) is a polynomial of degree n whose leading coefficient i1s f[xg, x1,...,x,],
P ) =L f [, XXl
for all values of x. As a consequence,

FE)

f[xﬂﬁ'rl'}' . .,J:"] = | :
n. = = =




Equal Spacing

Definition
For a given sequence { p,}° . the forward difference Ap, (read “delta p,”) is defined by
Apy = Put1 — pn,  forn = 0.
Higher powers of the operator A are defined recursively by

Afp, = A(A*'p,), fork > 2. n



Equal Spacing

Example
Constrict the forward difference table for the give data

e e e
1.0 3

1.2 5.76
1.4 9.80

1.6 15.36



Equal Spacing

Example
Constrict the forward difference table for the give data

I A T S T
1.0 3
Af(xg) =6—3=3

1.2 3 A*f(xg)=4-3=1

Af(x) =10—6 =4 A3f(xo) =0
1.4 10 A’f(x)=5-4=1

Af(x;) =15-10=5
1.6 15



Equal Spacing

h= x4 —x;,foreachi=0,1,...,n—1
let x = xp + sh. x—xr = (55— iDh.

P,(x) = P,(xo + sh) = f[xo] + shf[xo,x1] + s(s — 1)h* f[x0, X1, %3]
—+—***—+—5(5—1}“'(3—ﬂ+ l)hnf[xuixl‘f“‘ixﬂl

= flxol+ Y _s(s— 1)+ (s —k + DA flxo.x1,....x].
k=1

Using binomial-coefficient notation,

(s)_s(s—l}---(s—k—i—l)

k k! ’

we can express P,(x) compactly as

P,(x) = Py(xo + sh) = fxo] + Z (i)k!hkf[xﬂ,x,-, e 4 |

k=1



Equal Spacing

Forward Differences

— | 1
Flrom] = LV =T _ 2y — fo)) = A7 (o)
X1 — Xp h h
A — A |
Flxo, 31,321 = 5 [ Ak ("“}] 3 A7 f(x),

and, in general,

|
Slxos X1, 0ox] = Wﬁkf(-’fa)

Newton Forward-Difference Formula

P,(x) = f(xo) +Z( )f_\. £ (x0)



Equal Spacing

Example 2

a) Use the Newton forward-difference formula to construct interpolating
polynomials of degree three or less for the following data.

b) Approximate f(1.5).

X
1.0

1.2

1.4

1.6

f

3

10

15



Equal Spacing

Solution
x | f A% | A3
1.0 | 3
12 | 6 1
0
1.4 | 10 1
1.6 | 15

Pa®) = f(x0) + ) (i) A* f (x0)
=1

s s(s—1

)

p3=3+3(i)+(2)=3+3$+ 5

1
=3+3S+E(52_5)=3+3'55+0'552

p3 =3+ 3. SW_I_O 5(

15y =34+35:>" 1 og(lo-
p3(1.5) = 27702 0.2

)



