
INDEFINITE INTEGRALS AND THE NET CHANGE THEOREM

We saw in Section 5.3 that the second part of the Fundamental Theorem of Calculus pro-vides a very powerful method for evaluating the definite integral of a function, assumingthat we can find an antiderivative of the function. In this section we introduce a notationfor antiderivatives, review the formulas for antiderivatives, and use them to evaluate defi-nite integrals. We also reformulate FTC2 in a way that makes it easier to apply to scienceand engineering problems.
INDEFINITE INTEGRALS

Both parts of the Fundamental Theorem establish connections between antiderivatives anddefinite integrals. Part 1 says that if is continuous, then is an antiderivative of .Part 2 says that can be found by evaluating , where F is an antideriv-ative of f.We need a convenient notation for antiderivatives that makes them easy to work with.Because of the relation given by the Fundamental Theorem between antiderivatives andintegrals, the notation is traditionally used for an antiderivative of and is calledan indefinite integral. Thus

means

For example, we can write

So we can regard an indefinite integral as representing an entire family of functions (oneantiderivative for each value of the constant C ).
| You should distinguish carefully between definite and indefinite integrals. A definiteintegral is a number, whereas an indefinite integral is a function (orfamily of functions). The connection between them is given by Part 2 of the FundamentalTheorem. If is continuous on , then

The effectiveness of the Fundamental Theorem depends on having a supply of anti-derivatives of functions. We therefore restate the Table of Antidifferentiation Formulasfrom Section 4.9, together with a few others, in the notation of indefinite integrals. Anyformula can be verified by differentiating the function on the right side and obtaining theintegrand. For instance
because ddx �tan x � C � � sec2xy sec2x dx � tan x � C
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TABLE OF INDEFINITE INTEGRALS

Recall from Theorem 4.9.1 that the most general antiderivative on a given interval isobtained by adding a constant to a particular antiderivative. We adopt the convention thatwhen a formula for a general indefinite integral is given, it is valid only on an inter-val. Thus we write

with the understanding that it is valid on the interval or on the interval . Thisis true despite the fact that the general antiderivative of the function , , is

EXAMPLE 1 Find the general indefinite integral

SOLUTION Using our convention and Table 1, we have

You should check this answer by differentiating it. M

� 2x 5
� 2 tan x � C� 10 x 5
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N The indefinite integral in Example 1 is graphed

in Figure 1 for several values of . The value of

is the -intercept.yC C
4

_4

_1.5 1.5

FIGURE 1



EXAMPLE 2 Evaluate .
SOLUTION This indefinite integral isn’t immediately apparent in Table 1, so we use trigo-nometric identities to rewrite the function before integrating:

M

EXAMPLE 3 Evaluate .
SOLUTION Using FTC2 and Table 1, we have

Compare this calculation with Example 2(b) in Section 5.2. M

EXAMPLE 4 Find and interpret the result in terms of areas.
SOLUTION The Fundamental Theorem gives

This is the exact value of the integral. If a decimal approximation is desired, we can usea calculator to approximate . Doing so, we get
M

EXAMPLE 5 Evaluate .
SOLUTION First we need to write the integrand in a simpler form by carrying out thedivision:
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N Figure 2 shows the graph of the integrand in

Example 4. We know from Section 5.2 that the

value of the integral can be interpreted as the

sum of the areas labeled with a plus sign minus

the area labeled with a minus sign.
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APPLICATIONS

Part 2 of the Fundamental Theorem says that if f is continuous on , then

where F is any antiderivative of f. This means that , so the equation can be rewrit-ten as

We know that represents the rate of change of with respect to x andis the change in y when x changes from a to b. [Note that could, for instance,increase, then decrease, then increase again. Although might change in both directions,represents the net change in .] So we can reformulate FTC2 in words asfollows.
THE NET CHANGE THEOREM The integral of a rate of change is the net change:

This principle can be applied to all of the rates of change in the natural and social sci-ences that we discussed in Section 3.7. Here are a few instances of this idea:
N If is the volume of water in a reservoir at time t, then its derivative isthe rate at which water flows into the reservoir at time t. So

is the change in the amount of water in the reservoir between time and time .
N If is the concentration of the product of a chemical reaction at time t, thenthe rate of reaction is the derivative . So

is the change in the concentration of C from time to time .
N If the mass of a rod measured from the left end to a point x is , then thelinear density is . So

is the mass of the segment of the rod that lies between and .
N If the rate of growth of a population is , then

is the net change in population during the time period from to . (The popu-lation increases when births happen and decreases when deaths occur. The netchange takes into account both births and deaths.)
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N If is the cost of producing x units of a commodity, then the marginal cost isthe derivative . So

is the increase in cost when production is increased from units to units.
N If an object moves along a straight line with position function , then itsvelocity is , so

is the net change of position, or displacement, of the particle during the timeperiod from to . In Section 5.1 we guessed that this was true for the casewhere the object moves in the positive direction, but now we have proved that itis always true.
N If we want to calculate the distance the object travels during that time interval,we have to consider the intervals when (the particle moves to the right)and also the intervals when (the particle moves to the left). In both casesthe distance is computed by integrating , the speed. Therefore

Figure 3 shows how both displacement and distance traveled can be interpretedin terms of areas under a velocity curve.

N The acceleration of the object is , so

is the change in velocity from time to time .
EXAMPLE 6 A particle moves along a line so that its velocity at time is(measured in meters per second).(a) Find the displacement of the particle during the time period .(b) Find the distance traveled during this time period.

SOLUTION(a) By Equation 2, the displacement is

This means that the particle moved 4.5 m toward the left.
� � t 3

3 �
t 2
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1 v�t� dt � y4
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FIGURE 3  
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(b) Note that and so on the intervaland on . Thus, from Equation 3, the distance traveled is

M

EXAMPLE 7 Figure 4 shows the power consumption in the city of San Francisco for aday in September (P is measured in megawatts; t is measured in hours starting at mid-night). Estimate the energy used on that day.

SOLUTION Power is the rate of change of energy: . So, by the Net ChangeTheorem,

is the total amount of energy used that day. We approximate the value of the integralusing the Midpoint Rule with 12 subintervals and :

The energy used was approximately 15,840 megawatt-hours. M

How did we know what units to use for energy in Example 7? The integral isdefined as the limit of sums of terms of the form . Now is measured inmegawatts and is measured in hours, so their product is measured in megawatt-hours.The same is true of the limit. In general, the unit of measurement for is the prod-uct of the unit for and the unit for x.f �x�
xba f �x� dx�t P�ti*�P�ti*� �t x240 P�t� dt
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N A note on units

N To integrate the absolute value of , we use

Property 5 of integrals from Section 5.2 to split

the integral into two parts, one where 

and one where .v�t� � 0 v�t� � 0
v�t�



32.

33. 34.

35. 36.

37. 38.

39. 40.

41. 42.

44.

; 45. Use a graph to estimate the -intercepts of the curve. Then use this information to estimate thearea of the region that lies under the curve and above the-axis.
; 46. Repeat Exercise 45 for the curve .

47. The area of the region that lies to the right of the -axis andto the left of the parabola (the shaded region inthe figure) is given by the integral . (Turn yourhead clockwise and think of the region as lying below thecurve from to .) Find the area of theregion.

The boundaries of the shaded region are the y-axis, the line, and the curve . Find the area of this region bywriting x as a function of y and integrating with respect to y(as in Exercise 47).
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y9
1

3x � 2
sx dxy4

1 �5x dx
y5

0 �2e x � 4 cos x� dxy1
0 x(s3 x � s4 x ) dx31.1–4 Verify by differentiation that the formula is correct.

1.

3.

4.

5–18 Find the general indefinite integral.
5. 6.

7. 8.

10.

11. 12.

13. 14.

15. 16.

17. 18.

; 19–20 Find the general indefinite integral. Illustrate by graphingseveral members of the family on the same screen.
19. 20.

21–44 Evaluate the integral.
21. 22.

24.

25. 26.

27. 28.

29. 30. y2
1
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0 s2t dty4
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�2 �3u � 1�2 du
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y sin 2xsin x dxy �1 � tan2�� d�
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 � csc 
 cot 
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y �csc2t � 2e t� dty �sin x � sinh x� dx
y �x 2 � 1 �

1x 2 � 1� dxy x 3 � 2sxx dx
y v�v 2 � 2�2 dvy �1 � t��2 � t 2 � dt9.
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y x
sx 2 � 1 dx � sx 2 � 1 � C

EXERCISES5.4

SECTION 5.4 INDEFINITE INTEGRALS AND THE NET CHANGE THEOREM | | | | 397



63. The velocity of a car was read from its speedometer at10-second intervals and recorded in the table. Use theMidpoint Rule to estimate the distance traveled by the car.

64. Suppose that a volcano is erupting and readings of the rateat which solid materials are spewed into the atmosphereare given in the table. The time is measured in seconds andthe units for are tonnes (metric tons) per second.

(a) Give upper and lower estimates for the total quantityof erupted materials after 6 seconds.(b) Use the Midpoint Rule to estimate .
65. The marginal cost of manufacturing yards of a certainfabric is (in dollars peryard). Find the increase in cost if the production level israised from 2000 yards to 4000 yards.
66. Water flows into and out of a storage tank. A graph of the rateof change of the volume of water in the tank, in liters perday, is shown. If the amount of water in the tank at timeis 25,000 L, use the Midpoint Rule to estimate theamount of water four days later.

67. Economists use a cumulative distribution called a Lorenzcurve to describe the distribution of income between house-holds in a given country. Typically, a Lorenz curve is definedon with endpoints and , and is continuous,increasing, and concave upward. The points on this curve aredetermined by ranking all households by income and thencomputing the percentage of households whose income is lessthan or equal to a given percentage of the total income of thecountry. For example, the point is on theLorenz curve if the bottom of the households receive lessthan or equal to of the total income. Absolute equality ofincome distribution would occur if the bottom of thea%b% a% �a�100, b�100�

�1, 1��0, 0�	0, 1
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t � 0
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C��x� � 3 � 0.01x � 0.000006x 2x
Q�6�

Q�6�

r�t� tr�t�

49. If is the rate of growth of a child in pounds per year,what does represent?
50. The current in a wire is defined as the derivative of thecharge: . (See Example 3 in Section 3.7.) Whatdoes represent?

If oil leaks from a tank at a rate of gallons per minute attime , what does represent?
52. A honeybee population starts with 100 bees and increasesat a rate of bees per week. What doesrepresent?
53. In Section 4.7 we defined the marginal revenue functionas the derivative of the revenue function , where is thenumber of units sold. What does represent?
54. If is the slope of a trail at a distance of miles from thestart of the trail, what does represent?
55. If is measured in meters and is measured in newtons,what are the units for ?
56. If the units for are feet and the units for are pounds perfoot, what are the units for ? What units doeshave?
57–58 The velocity function (in meters per second) is givenfor a particle moving along a line. Find (a) the displacement and(b) the distance traveled by the particle during the given timeinterval.

,
58. ,

59–60 The acceleration function (in m�s ) and the initial velocityare given for a particle moving along a line. Find (a) the velocityat time and (b) the distance traveled during the given timeinterval.
, ,

60. , ,

61. The linear density of a rod of length 4 m is given bymeasured in kilograms per meter, whereis measured in meters from one end of the rod. Find thetotal mass of the rod.
62. Water flows from the bottom of a storage tank at a rate ofliters per minute, where . Findthe amount of water that flows from the tank during the first10 minutes.

0 � t � 50r�t� � 200 � 4t

x	�x� � 9 � 2sx

0 � t � 3v�0� � �4a�t� � 2t � 3
0 � t � 10v�0� � 5a�t� � t � 459.

t
2

1 � t � 6v�t� � t 2 � 2t � 8
0 � t � 3v�t� � 3t � 557.

x82 a�x� dxda�dx a�x�x
x1000 f �x� dxf �x�x
x53 f �x� dx xf �x�

x50001000 R��x� dx xR�x�
R��x�

100 � x150 n��t� dtn��t�
x1200 r�t� dtt r�t�51.

xba I�t� dt
I�t� � Q��t�
x105 w��t� dtw��t�
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t (s) (mi�h) t (s) (mi�h)
0 0 60 5610 38 70 5320 52 80 5030 58 90 4740 55 100 4550 51

vv

t 0 1 2 3 4 5 6
2 10 24 36 46 54 60r�t�


