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THE SUBSTITUTION RULE

Because of the Fundamental Theorem, it’s important to be able to find antiderivatives. Butour antidifferentiation formulas don’t tell us how to evaluate integrals such as

To find this integral we use the problem-solving strategy of introducing something extra.Here the “something extra” is a new variable; we change from the variable x to a new vari-able u. Suppose that we let be the quantity under the root sign in (1), . Thenthe differential of is . Notice that if the in the notation for an integral wereto be interpreted as a differential, then the differential would occur in (1) and so,formally, without justifying our calculation, we could write

But now we can check that we have the correct answer by using the Chain Rule to differ-entiate the final function of Equation 2:

In general, this method works whenever we have an integral that we can write in theform . Observe that if , then
y F��t�x��t��x� dx � F�t�x�� � C3

F� � fx f �t�x��t��x� dx

ddx [ 23 �x 2
� 1�3�2

� C] �
23 �

32 �x 2
� 1�1�2

� 2x � 2xsx 2 � 1

�
23u3�2

� C �
23 �x 2

� 1�3�2
� C

y 2xs1 � x 2 dx � y s1 � x 2  2x dx � y su du2

2x dxdxdu � 2x dxu u � 1 � x 2u

y 2xs1 � x 2 dx1

5.5

N Differentials were defined in Section 3.10. 

If , then

du � f ��x� dx
u � f �x�



because, by the Chain Rule,

If we make the “change of variable” or “substitution” , then from Equation 3we have

or, writing , we get

Thus we have proved the following rule.
THE SUBSTITUTION RULE If is a differentiable function whose rangeis an interval and is continuous on , then

Notice that the Substitution Rule for integration was proved using the Chain Rule fordifferentiation. Notice also that if , then , so a way to remember theSubstitution Rule is to think of and in (4) as differentials.Thus the Substitution Rule says: It is permissible to operate with dx and du after

integral signs as if they were differentials.

EXAMPLE 1 Find .
SOLUTION We make the substitution because its differential is ,which, apart from the constant factor 4, occurs in the integral. Thus, usingand the Substitution Rule, we have

Notice that at the final stage we had to return to the original variable . M

The idea behind the Substitution Rule is to replace a relatively complicated integralby a simpler integral. This is accomplished by changing from the original variable toa new variable that is a function of . Thus, in Example 1, we replaced the integralby the simpler integral .The main challenge in using the Substitution Rule is to think of an appropriate substi-tution. You should try to choose to be some function in the integrand whose differentialalso occurs (except for a constant factor). This was the case in Example 1. If that is notu
14 x cos u dux x 3 cos�x 4

� 2� dx xu x
x

�
14 sin�x 4

� 2� � C
�

14 sin u � C
y x 3 cos�x 4

� 2� dx � y cos u �
14 du �

14 y cos u du

x 3 dx � du�4du � 4x 3 dxu � x 4
� 2

y x 3 cos�x 4
� 2� dx

dudx du � t��x� dxu � t�x�

y f �t�x��t��x� dx � y f �u� du
IfI u � t�x�4

y f �t�x��t��x� dx � y f �u� du
F� � f
y F��t�x��t��x� dx � F�t�x�� � C � F�u� � C � y F��u� du

u � t�x�

ddx 	F�t�x��
 � F��t�x��t��x�
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N Check the answer by differentiating it.



possible, try choosing to be some complicated part of the integrand (perhaps the innerfunction in a composite function). Finding the right substitution is a bit of an art. It’s notunusual to guess wrong; if your first guess doesn’t work, try another substitution.
EXAMPLE 2 Evaluate .
SOLUTION 1 Let . Then , so . Thus the Substitution Rulegives

SOLUTION 2 Another possible substitution is . Then
so

(Or observe that so .) Therefore

M

EXAMPLE 3 Find .
SOLUTION Let . Then , so and

M

The answer to Example 3 could be checked by differentiation, but instead let’s checkit with a graph. In Figure 1 we have used a computer to graph both the integrandand its indefinite integral (we take the case). Notice that decreases when is negative, increases when is positive,and has its minimum value when . So it seems reasonable, from the graphical evi-dence, that is an antiderivative of .
EXAMPLE 4 Calculate .
SOLUTION If we let , then , so . Therefore

My e 5x dx �
15 y e u du �

15 e u
� C �

15 e 5x
� C

dx �
15 dudu � 5 dxu � 5x

y e 5x dx
ft

f �x� � 0 f �x�f �x�t�x�C � 0 t�x� � �
14s1 � 4x 2f �x� � x�s1 � 4x 2

� �
18 (2su ) � C � �

14s1 � 4x 2 � C
y x
s1 � 4x 2 dx � �

18 y 1
su du � �

18 y u�1�2 du
x dx � �

18 dudu � �8x dxu � 1 � 4x 2
y x
s1 � 4x 2 dxV

�

u 3
3 � C �

13 �2x � 1�3�2
� C

y s2x � 1 dx � y u � u du � y u 2 du
2u du � 2 dxu 2

� 2x � 1,
dx � s2x � 1 du � u dudu �

dx
s2x � 1

u � s2x � 1
�

13 �2x � 1�3�2
� C

�

12 �

u 3�2
3�2 � C �

13u 3�2
� C

y s2x � 1 dx � y su du2 �
12 y u 1�2 du

dx � du�2du � 2 dxu � 2x � 1
y s2x � 1 dx

u
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EXAMPLE 5 Find .
SOLUTION An appropriate substitution becomes more obvious if we factor as . Let. Then , so . Also , so :

M

EXAMPLE 6 Calculate .
SOLUTION First we write tangent in terms of sine and cosine:

This suggests that we should substitute , since then and so:

M

Since , the result of Example6 can also be written as

DEFINITE INTEGRALS

When evaluating a definite integral by substitution, two methods are possible. One methodis to evaluate the indefinite integral first and then use the Fundamental Theorem. Forinstance, using the result of Example 2, we have

Another method, which is usually preferable, is to change the limits of integration whenthe variable is changed.
�

13 �9�3�2
�

13 �1�3�2
�

13 �27 � 1� �
263

y4
0 s2x � 1 dx � y s2x � 1 dx]0

4
�

13 �2x � 1�3�2]0
4

y tan x dx � ln  sec x  � C5

�ln  cos x  � ln� cos x �1� � ln�1�cos x � � ln  sec x 

� �ln u  � C � �ln  cos x  � C
y tan x dx � y sin xcos x dx � �y duu

sin x dx � �du du � �sin x dxu � cos x
y tan x dx � y sin xcos x dx

y tan x dxV

�
17 �1 � x 2 �7�2

�
25 �1 � x 2 �5�2

�
13 �1 � x 2 �3�2

� C
�

12 ( 27u 7�2
� 2 �

25u 5�2
�

23u 3�2 ) � C
�

12 y �u 5�2
� 2u 3�2

� u 1�2 � du
� y su �u � 1�2 du2 �

12 y su �u 2
� 2u � 1� du

y s1 � x 2 x 5 dx � y s1 � x 2 x 4 � x dx
x 4

� �u � 1�2x 2
� u � 1x dx � du�2du � 2x dxu � 1 � x 2 x 4

� xx 5
y s1 � x 2 x 5 dx
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THE SUBSTITUTION RULE FOR DEFINITE INTEGRALS If is continuous onand is continuous on the range of , then

PROOF Let be an antiderivative of . Then, by (3), is an antiderivative of, so by Part 2 of the Fundamental Theorem, we have

But, applying FTC2 a second time, we also have
M

EXAMPLE 7 Evaluate using (6).
SOLUTION Using the substitution from Solution 1 of Example 2, we have and. To find the new limits of integration we note that

and
Therefore

Observe that when using (6) we do not return to the variable x after integrating. Wesimply evaluate the expression in u between the appropriate values of u. M

EXAMPLE 8 Evaluate .
SOLUTION Let . Then , so . When , andu � �2x � 1dx � �du5du � �5 dxu � 3 � 5x

y2
1

dx
�3 � 5x�2

FIGURE 2  

y

x0

1

2

3

4

y=œ„„„„„2x+1

y

u0

1

2

3

91

œ„u
2y=

�
13 �932

� 132 � �
263

�
12 �

23u 32]1
9y4

0 s2x � 1 dx � y9
1

12 su du
when x � 4, u � 2�4� � 1 � 9when x � 0, u � 2�0� � 1 � 1

dx � du2 u � 2x � 1
y4

0 s2x � 1 dx
yt�b�

t�a�
f �u� du � F�u�]t�a�

t�b�
� F�t�b�� � F�t�a��

yba f �t�x��t��x� dx � F�t�x��]ba � F�t�b�� � F�t�a��

f �t�x��t��x�
F�t�x��fF

yba f �t�x��t��x� dx � yt�b�

t�a�
f �u� du

u � t�x�f�a, b	
t�6
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N The geometric interpretation of Example 7 is

shown in Figure 2. The substitution 

stretches the interval by a factor of and

translates it to the right by unit. The Substitu-

tion Rule shows that the two areas are equal.

1 2�0, 4	
u � 2x � 1

N This rule says that when using a substitution

in a definite integral, we must put everything in

terms of the new variable , not only and 

but also the limits of integration. The new limits

of integration are the values of that correspond

to and .x � bx � a u
dxxu

N The integral given in Example 8 is an 

abbreviation for

y2
1

1
�3 � 5x�2 dx



when , . Thus

M

EXAMPLE 9 Calculate .
SOLUTION We let because its differential occurs in the integral. When, ; when , . Thus

M

SYMMETRY

The next theorem uses the Substitution Rule for Definite Integrals (6) to simplify the cal-culation of integrals of functions that possess symmetry properties.
INTEGRALS OF SYMMETRIC FUNCTIONS Suppose is continuous on .

(a) If is even , then .
(b) If is odd , then .

PROOF We split the integral in two:

In the first integral on the far right side we make the substitution . Thenand when , . Therefore
�y�a

0 f �x� dx � �ya0 f ��u���du� � ya0 f ��u� du
u � ax � �adu � �dx u � �x

ya
�a f �x� dx � y0

�a f �x� dx � ya0 f �x� dx � �y�a
0 f �x� dx � ya0 f �x� dx8

xa
�a f �x� dx � 0� f ��x� � �f �x�	f
xa

�a f �x� dx � 2 xa0 f �x� dx� f ��x� � f �x�	f
��a, a	f7

FIGURE 3 

x0

y

0.5

1 e

y=
ln�x
x

ye1
ln xx dx � y1

0 u du �

u 2
2 �0

1
�

12

u � ln e � 1x � eu � ln 1 � 0x � 1 du � dxxu � ln x
ye1

ln xx dxV

�

15 ��
17 �

12� �

114

� �
15 ��

1u�
�2

�7
�

15u�
�2

�7
y2

1
dx

�3 � 5x�2 � �
15 y�7

�2
duu 2

u � �7x � 2
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N Since the function in

Example 9 is positive for , the integral 

represents the area of the shaded region in 

Figure 3.

x � 1f �x� � �ln x�x



and so Equation 8 becomes

(a) If is even, then so Equation 9 gives

(b) If is odd, then and so Equation 9 gives
M

Theorem 7 is illustrated by Figure 4. For the case where is positive and even, part (a)says that the area under from to is twice the area from to because ofsymmetry. Recall that an integral can be expressed as the area above the -axisand below minus the area below the axis and above the curve. Thus part (b) saysthe integral is because the areas cancel.
EXAMPLE 10 Since satisfies , it is even and so

M

EXAMPLE 11 Since satisfies , it is oddand so
My1

�1
tan x1 � x 2

� x 4 dx � 0
f ��x� � �f �x�f �x� � �tan x��1 � x 2

� x 4 �

� 2[ 17 x 7
� x]0

2
� 2(1287 � 2) �

2847

y2
�2 �x 6

� 1� dx � 2 y2
0 �x 6

� 1� dx
f ��x� � f �x�f �x� � x 6

� 1
0y � f �x�

xxba f �x� dx a0a�ay � f �x�
f

ya
�a f �x� dx � �ya0 f �u� du � ya0 f �x� dx � 0

f ��u� � �f �u�f
ya

�a f �x� dx � ya0 f �u� du � ya0 f �x� dx � 2 ya0 f �x� dx
f ��u� � f �u�f
ya

�a f �x� dx � ya0 f ��u� du � ya0 f �x� dx9
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7–46 Evaluate the indefinite integral.
7. 8.

9. 10.

11. 12.

14.

15. 16.

17. 18. y sec 2 tan 2 dy a � bx 2
s3ax � bx 3 dx

y xx 2
� 1 dxy sin � t dt

y e x sin�e x� dxy dx5 � 3x13.

y x
�x 2

� 1�2 dxy �x � 1�s2x � x 2 dx
y �3t � 2�2.4 dty �3x � 2�20 dx
y x 2�x 3

� 5�9 dxy x sin�x 2� dx
1–6 Evaluate the integral by making the given substitution.
1.

2.

4.

5.

6. y sec2�1x�x 2 dx, u � 1x
y cos3

 sin  d, u � cos 

y dt
�1 � 6t�4 , u � 1 � 6t
y x 2sx 3 � 1 dx, u � x 3

� 13.

y x 3�2 � x 4�5 dx, u � 2 � x 4

y e�x dx, u � �x

EXERCISES5.5

0

y

x_a a

FIGURE 4

(a) ƒ even, j  � ƒ dx=2�j  ƒ dx
0

a

_a

a

0
x

_a
a

y

(b) ƒ odd, j  � ƒ dx=0
_a

a



55. 56.

57. 58.

60.

61. 62.

63.

65. 66.

68.

69. 70.

; 71–72 Use a graph to give a rough estimate of the area of theregion that lies under the given curve. Then find the exact area.
71. ,
72. ,

73. Evaluate by writing it as a sum of two integrals and interpreting one of those integrals in terms of an area.
74. Evaluate by making a substitution and inter-preting the resulting integral in terms of an area.

Which of the following areas are equal? Why?

76. A model for the basal metabolism rate, in , of a youngman is , where is the time inhours measured from 5:00 AM. What is the total basal metab-olism of this man, , over a 24-hour time period?x240 Rstd dt
tRstd  85 2 0.18 cossp ty12d

kcalyh

y=2x´

0 x

y

1

y=esin�x�sin�2x
0 x

y

π
2

1

y=eœ„x

0 x

y

1

75.

x10 xs1 2 x 4 dx

x2
22 sx 1 3ds4 2 x 2 dx

0 ø x ø py  2 sin x 2 sin 2x
0 ø x ø 1y  s2x 1 1

yTy2
0  sins2p tyT 2 ad dty1

0
e z

1 1e z

1 z

dz

y1y2
0

sin21x
s1 2 x 2 dxye

4
e

dxxsln x67.

y4
0

x
s1 1 2x dxy2

1 xsx 2 1 dx
ya0 xsa 2 2 x 2 dx64.ya0 xsx 2 1 a 2 dx sa . 0d

ypy2
0  cos x sinssin xd dxy13

0
dx

s3 s1 1 2xd2

ypy2
2py2

x 2 sin x1 1 x 6 dxy2
1
e1yx
x 2 dx59.

y1
0 xe2x2 dxypy6

2py6 tan3
u du

y1y2
1y6  csc p t cot p t dtyp

0  sec2sty4d dt
20.

22.

23. 24.

26.

27. 28.

29. 30.

31. 32.

34.

35. 36.

37. 38.

39. 40.

41. 42.

44.

45. 46.

; 47–50 Evaluate the indefinite integral. Illustrate and check thatyour answer is reasonable by graphing both the function and itsantiderivative (take ).
47. 48.

49. 50.

51–70 Evaluate the definite integral.
51. 52.

53. 54. ysp
 

0 x cossx 2 d dxy1
0 x 2s1 1 2x 3 d5 dx

y7
0 s4 1 3x dxy2

0 sx 2 1d25 dx

y tan2
u sec2

u duy sin3x cos x dx
y sinsx
sx dxy xsx 2

2 1d3 dx
C  0

y x 3sx 2 1 1 dxy x
s4 x 1 2 dx

y x 2
s1 2 x dxy 1 1 x1 1 x 2 dx43.

y x1 1 x 4 dxy dx
s1 2 x 2  sin21x

y sin t sec2scos td dty sec3x tan x dx
y dtcos2 ts1 1 tan ty cot x dx
y sin x1 1 cos2x dxy sin 2x1 1 cos2x dx
y cosspyxdx 2 dxy scot x  csc2x dx33.

y e x
e x

1 1 dxy cos xsin2x dx
y sinsln xdx dxy e tan x sec2x dx
y tan21x1 1 x 2 dxy z

2
s3 1 1 z

3 dz

y ecos t sin t dty e xs1 1 e x dx25.

y s1 1 tan ud5 sec2
u duy cos u sin6

u du

y sx  sins1 1 x 3y2d dxy cos st
st dt21.

y dxax 1 b   sa ± 0dy sln xd2
x dx19.
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83. If is continuous on , prove that

For the case where and , draw a diagramto interpret this equation geometrically as an equality of areas.
84. If is continuous on , prove that

For the case where , draw a diagram to interpret thisequation geometrically as an equality of areas.
If and are positive numbers, show that

86. If is continuous on , use the substitution toshow that

87. Use Exercise 86 to evaluate the integral

88. (a) If is continuous, prove that

(b) Use part (a) to evaluate and .x�20  sin2x dxx�20  cos2x dx
y�2

0 f �cos x� dx � y�2
0 f �sin x� dx

f
y�

0
x sin x1 � cos2x dx

y�

0 x f �sin x� dx �

�2 y�

0 f �sin x� dx
u � � � x�0, �	f

y1
0 x a�1 � x�b dx � y1

0 x b�1 � x�a dx
ba85.

f �x� � 0
yba f �x � c� dx � yb�c

a�c f �x� dx
�f

0 � a � bf �x� � 0
yba f ��x� dx � y�a

�b f �x� dx
�f77. An oil storage tank ruptures at time and oil leaks fromthe tank at a rate of liters per minute. Howmuch oil leaks out during the first hour?

78. A bacteria population starts with 400 bacteria and grows at arate of bacteria per hour. How manybacteria will there be after three hours?
79. Breathing is cyclic and a full respiratory cycle from thebeginning of inhalation to the end of exhalation takes about 5 s.The maximum rate of air flow into the lungs is about 0.5 Ls.This explains, in part, why the function hasoften been used to model the rate of air flow into the lungs.Use this model to find the volume of inhaled air in the lungs attime .
80. Alabama Instruments Company has set up a production line tomanufacture a new calculator. The rate of production of thesecalculators after weeks is

(Notice that production approaches 5000 per week as time goeson, but the initial production is lower because of the workers’unfamiliarity with the new techniques.) Find the number of cal-culators produced from the beginning of the third week to theend of the fourth week.
If is continuous and , find .

82. If is continuous and , find .y3
0 x f �x 2 � dxy9

0 f �x� dx � 4f
y2

0 f �2x� dxy4
0 f �x� dx � 10f81.

dxdt � 5000�1 �
100

�t � 10�2� calculatorsweek
t

t
f �t� �

12 sin�2� t5�

r�t� � �450.268�e1.12567t

r�t� � 100e�0.01tt � 0
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REVIEW

C O N C E P T  C H E C K

5

(b) If is the rate at which water flows into a reservoir, whatdoes represent?
5. Suppose a particle moves back and forth along a straight linewith velocity , measured in feet per second, and accelera-tion .(a) What is the meaning of ?

(b) What is the meaning of ?
(c) What is the meaning of ?

6. (a) Explain the meaning of the indefinite integral .(b) What is the connection between the definite integraland the indefinite integral ?
7. Explain exactly what is meant by the statement that “differen-tiation and integration are inverse processes.”
8. State the Substitution Rule. In practice, how do you use it?

x f �x� dxxba f �x� dx
x f �x� dx

x12060 a�t� dt
x12060 � v�t� � dt
x12060 v�t� dta�t� v�t�

x t2t1 r�t� dtr�t�1. (a) Write an expression for a Riemann sum of a function .Explain the meaning of the notation that you use.(b) If , what is the geometric interpretation of aRiemann sum? Illustrate with a diagram.(c) If takes on both positive and negative values, what isthe geometric interpretation of a Riemann sum? Illustratewith a diagram.
2. (a) Write the definition of the definite integral of a functionfrom to .(b) What is the geometric interpretation of if?(c) What is the geometric interpretation of iftakes on both positive and negative values? Illustrate with adiagram.
3. State both parts of the Fundamental Theorem of Calculus.
4. (a) State the Net Change Theorem.

f �x�xba f �x� dxf �x� � 0 xba f �x� dxba

f �x�

f �x� � 0
f



Determine whether the statement is true or false. If it is true, explain why.

If it is false, explain why or give an example that disproves the statement.

1. If and are continuous on , then

2. If and are continuous on , then

3. If is continuous on , then

4. If is continuous on , then

5. If is continuous on and , then

6. If is continuous on , then .y3
1 f ��v� dv � f �3� � f �1��1, 3	f �

yba sf �x� dx � �yba f �x� dx
f �x� � 0�a, b	f

yba x f �x� dx � x yba f �x� dx
�a, b	f

yba  5f �x� dx � 5 yba f �x� dx
�a, b	f

yba � f �x�t�x�	 dx � �yba f �x� dx��yba t�x� dx�
�a, b	tf

yba � f �x� � t�x�	 dx � yba f �x� dx � yba t�x� dx
�a, b	tf

7. If and are continuous and for , then

8. If and are differentiable and for ,then for .
9.

10.

11.

12. represents the area under the curvefrom 0 to 2.
13. All continuous functions have derivatives.
14. All continuous functions have antiderivatives.
15. If is continuous on , then

ddx �yba f �x� dx� � f �x�

�a, b	f

y � x � x 3x20 �x � x 3� dx
y1

�2
1x 4 dx � �

38

y5
�5 �ax 2

� bx � c� dx � 2 y5
0 �ax 2

� c� dx
y1

�1 �x 5
� 6x 9

�
sin x

�1 � x 4 �2� dx � 0
a � x � bf ��x� � t��x�

a � x � bf �x� � t�x�tf
yba f �x� dx � yba t�x� dx

a � x � bf �x� � t�x�tf
T R U E - F A L S E  Q U I Z

1. Use the given graph of to find the Riemann sum with sixsubintervals. Take the sample points to be (a) left endpoints and(b) midpoints. In each case draw a diagram and explain whatthe Riemann sum represents.

2. (a) Evaluate the Riemann sum for

with four subintervals, taking the sample points to be rightendpoints. Explain, with the aid of a diagram, what theRiemann sum represents.

0 � x � 2f �x� � x 2
� x

2 x

y

2

0 6

y=ƒ

f (b) Use the definition of a definite integral (with right end-points) to calculate the value of the integral

(c) Use the Fundamental Theorem to check your answer topart (b).(d) Draw a diagram to explain the geometric meaning of theintegral in part (b).
3. Evaluate

by interpreting it in terms of areas.
4. Express

as a definite integral on the interval and then evaluatethe integral. �0, �	

limnl



n

i�1 sin x i 	x

y1
0 (x � s1 � x 2 ) dx

y2
0 �x 2

� x� dx

E X E R C I S E S
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29. 30.

31. 32.

33. 34.

35. 36.

37. 38.

; 39–40 Evaluate the indefinite integral. Illustrate and check thatyour answer is reasonable by graphing both the function and itsantiderivative (take ).
39. 40.

; 41. Use a graph to give a rough estimate of the area of the regionthat lies under the curve . Then find theexact area.
; 42. Graph the function and use the graph toguess the value of the integral . Then evaluate theintegral to confirm your guess.

43–48 Find the derivative of the function.
43. 44.

45. 46.

47. 48.

49–50 Use Property 8 of integrals to estimate the value of theintegral.
49. 50.

51–54 Use the properties of integrals to verify the inequality.
51. 52.

53. 54.

55. Use the Midpoint Rule with to approximate.x30  sin�x 3� dx n � 6
y1

0 x sin�1x dx � �4y1
0 e x cos x dx � e � 1

y�2
�4

sin xx dx �
s22y1

0 x 2 cos x dx �
13

y5
3

1x � 1 dxy3
1 sx 2 � 3 dx

y � y3x�1
2x  sin�t 4 � dty � yx

sx
e t
t dt

t�x� � ysin x
1

1 � t 2
1 � t 4 dtt�x� � yx

4
0  cos�t 2� dt

F�x� � y1
x st � sin t dtF�x� � yx0

t 2
1 � t 3 dt

x2�0 f �x� dxf �x� � cos2x sin3x
y � xsx , 0 � x � 4

y x 3
sx 2 � 1 dxy cos x

s1 � sin x dx
C � 0

y4
0 � sx � 1 � dxy3

0 � x 2
� 4 � dx

y�4
0 �1 � tan t�3 sec2t dty sec  tan 1 � sec 

d

y sinh�1 � 4x� dxy x 3
1 � x 4 dx

y x
s1 � x 4 dxy tan x ln�cos x� dx
y cos�ln x�x dxy esx

sx dx5. If and , find .
6. (a) Write as a limit of Riemann sums,taking the sample points to be right endpoints. Use acomputer algebra system to evaluate the sum and to com-pute the limit.(b) Use the Fundamental Theorem to check your answer topart (a).
7. The following figure shows the graphs of , and. Identify each graph, and explain your choices.

8. Evaluate:
(a) (b)
(c)

9–38 Evaluate the integral, if it exists.
9. 10.

11. 12.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28. y sin x cos�cos x� dxy sin �t cos �t dt
y csc2x1 � cot x dxy x � 2

sx 2 � 4x dx
y10

1
xx 2
� 4 dxy �1 � xx �2 dx

y1
0

e x
1 � e 2x dxy�4

��4
t 4 tan t2 � cos t dt

y1
�1

sin x1 � x 2 dxy1
0 v

2 cos�v
3� dv

y1
0  sin�3�t� dty5

1
dt

�t � 4�2

y2
0 y 2s1 � y 3 dyy1

0 y�y2
� 1�5 dy

y1
0 (s4 u � 1�2 duy9

1
su � 2u2

u du
y1

0 �1 � x�9 dxy1
0 �1 � x 9 � dx

yT0 �x 4
� 8x � 7� dxy2

1 �8x 3
� 3x 2 � dx

ddx yx0 earctan t dt
ddx y1

0 earctan x dxy1
0

ddx �earctan x� dx

y

x

a

b

c

xx0 f �t� dt f, f �

x51 �x � 2x 5 � dxCAS

x64 f �x� dxx40 f �x� dx � 7x60 f �x� dx � 10
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(b) On what intervals is concave upward?(c) Use a graph to solve the following equation correct to twodecimal places:

(d) Plot the graphs of and on the same screen. How arethese graphs related?
; 63. Estimate the value of the number c such that the area underthe curve between and is equal to 1.

64. Suppose that the temperature in a long, thin rod placed alongthe -axis is initially if and 0 if . Itcan be shown that if the heat diffusivity of the rod is , thenthe temperature of the rod at the point at time is

To find the temperature distribution that results from an initialhot spot concentrated at the origin, we need to compute

Use l’Hospital’s Rule to find this limit.
65. If is a continuous function such that

for all , find an explicit formula for .
66. Suppose h is a function such that , ,, , , , and is contin-uous everywhere. Evaluate .
67. If is continuous on , show that

68. Find .
69. If is continuous on , prove that

70. Evaluate

71. Suppose is continuous, , , , and. Find the value of the integral .x10 f �1�y� dyx10 f �x� dx �
13

f ��x� � 0f �1� � 1f �0� � 0f
limnl


1n ��1n�
9

� �2n�
9

� �3n�
9

� � � � � �nn�
9�

y1
0 f �x� dx � y1

0 f �1 � x� dx
�0, 1	f

limhl0
1h y2�h

2 s1 � t 3 dt

2 yba f �x� f ��x� dx � � f �b�	2
� � f �a�	2

�a, b	f �

x21 h��u� du h �h��2� � 13h��2� � 5h�2� � 6h��1� � 3 h��1� � 2h�1� � �2
f �x�x

y x0 f �t� dt � xe 2x
� y x0 e�tf �t� dt

f

limal 0 T�x, t�

T�x, t� �

Cas4�kt ya0 e��x�u�2�4kt� du
tx k� x � � a� x � � aC�2a�x

x � 1x � 0y � sinh cx

SCCAS

y x0  cos( 12� t 2) dt � 0.7

CAS

C56. A particle moves along a line with velocity function, where is measured in meters per second.Find (a) the displacement and (b) the distance traveled bythe particle during the time interval .
57. Let be the rate at which the world’s oil is consumed,where is measured in years starting at on January 1,2000, and is measured in barrels per year. What doesrepresent?
58. A radar gun was used to record the speed of a runner at thetimes given in the table. Use the Midpoint Rule to estimatethe distance the runner covered during those 5 seconds.

59. A population of honeybees increased at a rate of bees perweek, where the graph of r is as shown. Use the MidpointRule with six subintervals to estimate the increase in the beepopulation during the first 24 weeks.

60. Let

Evaluate by interpreting the integral as adifference of areas.
61. If is continuous and , evaluate.
62. The Fresnel function was introducedin Section 5.3. Fresnel also used the function

in his theory of the diffraction of light waves.(a) On what intervals is increasing?C
C�x� � yx0  cos( 12� t 2) dt

S�x� � xx0  sin( 12� t 2) dt
x�20 f �2 sin � cos  d

x20 f �x� dx � 6f
x1

�3 f �x� dx
f �x� � ��x � 1

�s1 � x 2
if �3 � x � 0if 0 � x � 1

r

0 2420161284
(weeks)t

4000

8000

12000

r�t�

x80 r�t� dt r�t� t � 0tr�t�
�0, 5	

vv�t� � t 2
� t
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t (s) (ms) t (s) (ms)
0 0 3.0 10.510.5 4.67 3.5 10.671.0 7.34 4.0 10.761.5 8.86 4.5 10.812.0 9.73 5.0 10.812.5 10.22

vv


