
IMPROPER INTEGRALS

In defining a definite integral we dealt with a function defined on a finite inter-val and we assumed that does not have an infinite discontinuity (see Section 5.2).In this section we extend the concept of a definite integral to the case where the interval isinfinite and also to the case where has an infinite discontinuity in . In either casethe integral is called an improper integral. One of the most important applications of thisidea, probability distributions, will be studied in Section 8.5.
TYPE 1: INFINITE INTERVALS

Consider the infinite region that lies under the curve , above the -axis, and tothe right of the line . You might think that, since is infinite in extent, its area mustbe infinite, but let’s take a closer look. The area of the part of that lies to the left of theline (shaded in Figure 1) is

Notice that no matter how large is chosen.

We also observe that

The area of the shaded region approaches as (see Figure 2), so we say that the areaof the infinite region is equal to and we write

Using this example as a guide, we define the integral of (not necessarily a positivefunction) over an infinite interval as the limit of integrals over finite intervals.f
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DEFINITION OF AN IMPROPER INTEGRAL OF TYPE 1(a) If exists for every number , then

provided this limit exists (as a finite number).(b) If exists for every number , then

provided this limit exists (as a finite number).
The improper integrals and are called convergent if thecorresponding limit exists and divergent if the limit does not exist.
(c) If both and are convergent, then we define

In part (c) any real number can be used (see Exercise 74).
Any of the improper integrals in Definition 1 can be interpreted as an area provided thatis a positive function. For instance, in case (a) if and the integral is convergent, then we define the area of the region inFigure 3 to be

This is appropriate because is the limit as of the area under the graph offrom to .

EXAMPLE 1 Determine whether the integral is convergent or divergent.
SOLUTION According to part (a) of Definition 1, we have

The limit does not exist as a finite number and so the improper integral isdivergent. M
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Let’s compare the result of Example 1 with the example given at the beginning of this section:

Geometrically, this says that although the curves and look very similarfor , the region under to the right of (the shaded region in Figure 4)has finite area whereas the corresponding region under (in Figure 5) has infinitearea. Note that both and approach as but approaches faster than. The values of 1yx don’t decrease fast enough for its integral to have a finite value.
EXAMPLE 2 Evaluate .
SOLUTION Using part (b) of Definition 1, we have

We integrate by parts with , so that , :

We know that as , and by l’Hospital’s Rule we have

Therefore

M

EXAMPLE 3 Evaluate .
SOLUTION It’s convenient to choose in Definition 1(c):

We must now evaluate the integrals on the right side separately:
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Since both of these integrals are convergent, the given integral is convergent and

Since , the given improper integral can be interpreted as the area of the infinite region that lies under the curve and above the -axis (seeFigure 6). M

EXAMPLE 4 For what values of is the integral

convergent?
SOLUTION We know from Example 1 that if , then the integral is divergent, so let’sassume that . Then

If , then , so as , and . Therefore

and so the integral converges. But if , then and so

and the integral diverges. M

We summarize the result of Example 4 for future reference:

TYPE 2: DISCONTINUOUS INTEGRANDS

Suppose that is a positive continuous function defined on a finite interval but hasa vertical asymptote at . Let be the unbounded region under the graph of and above the -axis between and . (For Type 1 integrals, the regions extended indefinitely in a bax fSb fa, bdf
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horizontal direction. Here the region is infinite in a vertical direction.) The area of the partof between and (the shaded region in Figure 7) is

If it happens that approaches a definite number as , then we say that thearea of the region is and we write

We use this equation to define an improper integral of Type 2 even when is not a posi-tive function, no matter what type of discontinuity has at .
DEFINITION OF AN IMPROPER INTEGRAL OF TYPE 2

(a) If is continuous on and is discontinuous at , then 

if this limit exists (as a finite number).(b) If is continuous on and is discontinuous at , then 

if this limit exists (as a finite number).
The improper integral is called convergent if the corresponding limitexists and divergent if the limit does not exist.
(c) If has a discontinuity at , where , and both andare convergent, then we define

EXAMPLE 5 Find .
SOLUTION We note first that the given integral is improper because has the vertical asymptote . Since the infinite discontinuity occurs at the left end-point of , we use part (b) of Definition 3:

Thus the given improper integral is convergent and, since the integrand is positive, wecan interpret the value of the integral as the area of the shaded region in Figure 10. M
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EXAMPLE 6 Determine whether converges or diverges.
SOLUTION Note that the given integral is improper because . Usingpart (a) of Definition 3 and Formula 14 from the Table of Integrals, we have

because and as . Thus the given improper integral isdivergent. M

EXAMPLE 7 Evaluate if possible.
SOLUTION Observe that the line is a vertical asymptote of the integrand. Since itoccurs in the middle of the interval , we must use part (c) of Definition 3 with:

where

because as . Thus is divergent. This implies thatis divergent. [We do not need to evaluate .] M

| WARNING If we had not noticed the asymptote in Example 7 and had instead confused the integral with an ordinary integral, then we might have made the followingerroneous calculation:

This is wrong because the integral is improper and must be calculated in terms of limits.From now on, whenever you meet the symbol you must decide, by lookingat the function on , whether it is an ordinary definite integral or an improper integral.
EXAMPLE 8 Evaluate .
SOLUTION We know that the function has a vertical asymptote at 0 since. Thus the given integral is improper and we have
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Now we integrate by parts with , , , and :

To find the limit of the first term we use l’Hospital’s Rule:

Therefore
Figure 11 shows the geometric interpretation of this result. The area of the shaded regionabove and below the -axis is . M

A COMPARISON TEST FOR IMPROPER INTEGRALS

Sometimes it is impossible to find the exact value of an improper integral and yet it is important to know whether it is convergent or divergent. In such cases the following the-orem is useful. Although we state it for Type 1 integrals, a similar theorem is true forType 2 integrals.
COMPARISON THEOREM Suppose that and are continuous functions withfor .
(a) If is convergent, then is convergent.
(b) If is divergent, then is divergent.
We omit the proof of the Comparison Theorem, but Figure 12 makes it seem plausible.If the area under the top curve is finite, then so is the area under the bottom curve. And if the area under is infinite, then so is the area under .[Note that the reverse is not necessarily true: If is convergent, may or may not be convergent, and if is divergent, may or may not bedivergent.]
EXAMPLE 9 Show that is convergent.

SOLUTION We can’t evaluate the integral directly because the antiderivative of is not anelementary function (as explained in Section 7.5). We write

and observe that the first integral on the right-hand side is just an ordinary definite inte-gral. In the second integral we use the fact that for we have , so and therefore . (See Figure 13.) The integral of is easy to evaluate:
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Thus, taking and in the Comparison Theorem, we see thatis convergent. It follows that is convergent. M

In Example 9 we showed that is convergent without computing its value. InExercise 70 we indicate how to show that its value is approximately 0.8862. In probabil-ity theory it is important to know the exact value of this improper integral, as we will seein Section 8.5; using the methods of multivariable calculus it can be shown that the exactvalue is . Table 1 illustrates the definition of an improper integral by showing howthe (computer-generated) values of approach as t becomes large. In fact,these values converge quite quickly because very rapidly as .
EXAMPLE 10 The integral is divergent by the Comparison Theorembecause

and is divergent by Example 1 [or by (2) with ]. M

Table 2 illustrates the divergence of the integral in Example 10. It appears that the values are not approaching any fixed number.
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TABLE 1

t
1 0.74682413282 0.88208139083 0.88620734834 0.88622691185 0.88622692556 0.8862269255

x t0 e2x2 dx

TABLE 2

t
2 0.86363060425 1.827673551210 2.5219648704100 4.82455412041000 7.127139213410000 9.4297243064
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Explain why each of the following integrals is improper.
(a) (b)
(c) (d)

2. Which of the following integrals are improper? Why?
(a) (b)
(c) (d)

3. Find the area under the curve from to and evaluate it for , , and . Then find the totalarea under this curve for .
; 4. (a) Graph the functions and in theviewing rectangles by and by .(b) Find the areas under the graphs of and from to and evaluate for , , , , ,and .(c) Find the total area under each curve for , if it exists.

5–40 Determine whether each integral is convergent or divergent.Evaluate those that are convergent.
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51. 52.

53. 54.

55. The integral

is improper for two reasons: The interval is infinite andthe integrand has an infinite discontinuity at 0. Evaluate it byexpressing it as a sum of improper integrals of Type 2 andType 1 as follows:

56. Evaluate

by the same method as in Exercise 55.
57–59 Find the values of for which the integral converges andevaluate the integral for those values of .

58.

59.

60. (a) Evaluate the integral for , , , and .(b) Guess the value of when is an arbitrary posi-tive integer.(c) Prove your guess using mathematical induction.
(a) Show that is divergent.(b) Show that

This shows that we can’t define

62. The average speed of molecules in an ideal gas is

where is the molecular weight of the gas, is the gas con-stant, is the gas temperature, and is the molecular speed.Show that
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32.

33. 34.

35. 36.

37. 38.

39. 40.

41–46 Sketch the region and find its area (if the area is finite).
41.

42.

;

; 44.

; 45.

; 46.

; 47. (a) If , use your calculator or computer tomake a table of approximate values of for , 5, 10, 100, 1000, and 10,000. Does it appear thatis convergent?(b) Use the Comparison Theorem with to showthat is convergent.(c) Illustrate part (b) by graphing and on the same screenfor . Use your graph to explain intuitivelywhy is convergent.
; 48. (a) If , use your calculator or computer tomake a table of approximate values of for ,10, 100, 1000, and 10,000. Does it appear that is convergent or divergent?(b) Use the Comparison Theorem with to showthat is divergent.(c) Illustrate part (b) by graphing and on the same screenfor . Use your graph to explain intuitivelywhy is divergent.

49–54 Use the Comparison Theorem to determine whether theintegral is convergent or divergent.
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70. Estimate the numerical value of by writing it asthe sum of and . Approximate the first inte-gral by using Simpson’s Rule with and show that thesecond integral is smaller than , which is less than0.0000001.
71. If is continuous for , the Laplace transform of isthe function defined by

and the domain of is the set consisting of all numbers forwhich the integral converges. Find the Laplace transforms ofthe following functions.(a) (b) (c)
72. Show that if for , where and areconstants, then the Laplace transform exists for .
73. Suppose that and for ,where is continuous. If the Laplace transform of isand the Laplace transform of is , show that

74. If is convergent and and are real numbers,show that

75. Show that .
76. Show that by interpreting the integrals as areas.
77. Find the value of the constant for which the integral

converges. Evaluate the integral for this value of .
78. Find the value of the constant for which the integral

converges. Evaluate the integral for this value of .
79. Suppose is continuous on and . Is itpossible that is convergent?
80. Show that if and , then the following inte-gral is convergent.
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sF
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F ft ù 0f std

x`4 e24x dxn ­ 8x`4 e2x2 dxx40 e2x2 dx x`0 e2x2 dx63. We know from Example 1 that the regionhas infinite area. Show that by rotating about the -axis we obtain a solid with finite volume.
64. Use the information and data in Exercises 29 and 30 of Sec-tion 6.4 to find the work required to propel a 1000-kg satelliteout of the earth’s gravitational field.
65. Find the escape velocity that is needed to propel a rocket of mass out of the gravitational field of a planet with mass and radius . Use Newton’s Law of Gravitation (see Exer-cise 29 in Section 6.4) and the fact that the initial kineticenergy of supplies the needed work.
66. Astronomers use a technique called stellar stereography todetermine the density of stars in a star cluster from theobserved (two-dimensional) density that can be analyzedfrom a photograph. Suppose that in a spherical cluster ofradius the density of stars depends only on the distance from the center of the cluster. If the perceived star density isgiven by , where is the observed planar distance fromthe center of the cluster, and is the actual density, it canbe shown that

If the actual density of stars in a cluster is ,find the perceived density .
67. A manufacturer of lightbulbs wants to produce bulbs that lastabout 700 hours but, of course, some bulbs burn out fasterthan others. Let be the fraction of the company’s bulbsthat burn out before hours, so always lies between 0and 1.(a) Make a rough sketch of what you think the graph of might look like.(b) What is the meaning of the derivative ?(c) What is the value of ? Why?
68. As we saw in Section 3.8, a radioactive substance decaysexponentially: The mass at time is , whereis the initial mass and is a negative constant. The meanlife of an atom in the substance is

For the radioactive carbon isotope, , used in radiocarbondating, the value of is . Find the mean life of a atom.
Determine how large the number has to be so that

y`

a
1x 2
1 1 dx , 0.001

a69.

14C 20.000121k
14C

M ­ 2k y`

0 te kt dt
M kms0d

mstd ­ ms0de ktt
x`0 rstd dt rstd ­ F9std

F
FstdtFstd

yssd
x srd ­

12 sR 2 rd2

yssd ­ yR
s

2r
sr 2 2 s 2 x srd dr

x srd
syssd

rR

12 mv
20

RM m v0

x5

5 ­ hsx, yd | x ù 1, 0 ø y ø 1yxj
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Note: Additional practice in techniques of integration is providedin Exercises 7.5.
1–40 Evaluate the integral.
1. 2.

3. 4. y4
1

dt
s2t 1 1d3ypy2

0
cos u1 1 sin u

du

y5
0 ye20.6y dyy5

0
xx 1 10 dx

5. 6.

7. 8.

9. 10. y1
0
sarctan x1 1 x 2 dxy4

1 x 3y2 ln x dx
y dx
se x

2 1y sinsln tdt dt
y 1y 2

2 4y 2 12 dyypy2
0  sin3

u cos2
u du

E X E R C I S E S

518 | | | | CHAPTER 7 TECHNIQUES OF INTEGRATION

REVIEW

C O N C E P T  C H E C K

7

5. State the rules for approximating the definite integral with the Midpoint Rule, the Trapezoidal Rule, and Simpson’sRule. Which would you expect to give the best estimate? Howdo you approximate the error for each rule?
6. Define the following improper integrals.

(a) (b) (c)
7. Define the improper integral for each of the follow-ing cases.(a) has an infinite discontinuity at .(b) has an infinite discontinuity at .(c) has an infinite discontinuity at , where .
8. State the Comparison Theorem for improper integrals.

a , c , bcf bf af
xba f sxd dx

y`

2`

f sxd dxyb
2`

f sxd dxy`

a f sxd dx

xba f sxd dx1. State the rule for integration by parts. In practice, how do youuse it?
2. How do you evaluate if is odd? What if isodd? What if and are both even?
3. If the expression occurs in an integral, what sub-stitution might you try? What if occurs? What ifoccurs?
4. What is the form of the partial fraction expansion of a rationalfunction if the degree of is less than the degree ofand has only distinct linear factors? What if a linearfactor is repeated? What if has an irreducible quadraticfactor (not repeated)? What if the quadratic factor is repeated?Qsxd

QsxdQ PPsxdyQsxd

sx 2 2 a 2 sa 2 1 x 2sa 2 2 x 2
nm nmx sinmx cosnx dx

Determine whether the statement is true or false. If it is true, explain why.

If it is false, explain why or give an example that disproves the statement.

1. can be put in the form .
2. can be put in the form .
3. can be put in the form .
4. can be put in the form .
5.

6. is convergent.
7. If is continuous, then .x`

2`
f sxd dx ­ lim tl` x t

2t f sxd dxf
y`

1
1xs2 dx

y4
0

xx 2
2 1 dx ­

12 ln 15
Ax 1

Bx 2
1 4x 2

2 4x sx 2
1 4d

Ax 2 1
Bx 2 4x 2

1 4x 2sx 2 4d

Ax 1
Bx 1 2 1

Cx 2 2x 2
1 4x sx 2
2 4d

Ax 1 2 1
Bx 2 2x sx 2

1 4dx 2
2 4

8. The Midpoint Rule is always more accurate than theTrapezoidal Rule.
9. (a) Every elementary function has an elementary derivative.(b) Every elementary function has an elementary anti-derivative.

10. If is continuous on and is convergent, thenis convergent.
11. If is a continuous, decreasing function on and, then is convergent.
12. If and are both convergent, thenis convergent.
13. If and are both divergent, thenis divergent.
14. If and diverges, then alsodiverges. x`0 f sxd dxx`0 tsxd dxf sxd ø tsxd

x`a f f sxd 1 tsxdg dxx
`a tsxd dxx`a f sxd dx

x`a f f sxd 1 tsxdg dxx
`a tsxd dxx`a f sxd dx
x`1 f sxd dxlimxl` f sxd ­ 0 f1, `df

x`0 f sxd dx x`1 f sxd dxf0, `df
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49. 50.

; 51–52 Evaluate the indefinite integral. Illustrate and check thatyour answer is reasonable by graphing both the function and itsantiderivative (take ).
51. 52.

; 53. Graph the function and use the graph toguess the value of the integral . Then evaluate theintegral to confirm your guess.
54. (a) How would you evaluate by hand? (Don’tactually carry out the integration.)(b) How would you evaluate using tables? (Don’t actually do it.)(c) Use a CAS to evaluate .(d) Graph the integrand and the indefinite integral on thesame screen.
55–58 Use the Table of Integrals on the Reference Pages to evaluate the integral.
55. 56.

57. 58.

59. Verify Formula 33 in the Table of Integrals (a) by differentia-tion and (b) by using a trigonometric substitution.
60. Verify Formula 62 in the Table of Integrals.
61. Is it possible to find a number such that is convergent?
62. For what values of is convergent? Evaluatethe integral for those values of .
63–64 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule,and (c) Simpson’s Rule with to approximate the givenintegral. Round your answers to six decimal places.
63. 64.

65. Estimate the errors involved in Exercise 63, parts (a) and (b).How large should be in each case to guarantee an error ofless than 0.00001?
66. Use Simpson’s Rule with to estimate the area underthe curve from to .x ­ 4x ­ 1y ­ e xyx n ­ 6

n

y4
1 sx  cos x dxy4

2
1ln x dx

n ­ 10
ax`0 e ax cos x dxa

x`0 x n dxn

y cot x
s1 1 2 sin x dxy cos xs4 1 sin2x dx
y csc5t dty s4x 2 2 4x 2 3 dx

x x 5e22x dx
x x 5e22x dx
x x 5e22x dxCAS

x2p0 f sxd dxf sxd ­ cos2x sin3x

y x 3
sx 2 1 1 dxy lnsx 2

1 2x 1 2d dx
C ­ 0

y`

1
tan21xx 2 dxy`

2`

dx4x 2
1 4x 1 511. 12.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35. 36.

37. 38.

39. 40.

41–50 Evaluate the integral or show that it is divergent.
41. 42.

43. 44.

45. 46.

47. 48. y1
21

dxx 2
2 2xy1

0
x 2 1
sx dx

y1
0

12 2 3x dxy4
0

ln x
sx dx

y6
2

y
sy 2 2 dyy`

2
dxx ln x

y`

1
ln xx 4 dxy`

1
1

s2x 1 1d3 dx

ypy3
py4
stan u

 
 

sin 2u
duy1y2

0
xe 2x

s1 1 2xd2 dx
y x 2

sx 1 2d3 dxy scos x 1 sin xd2 cos 2x dx
y 1 2 tan u1 1 tan u

duy 1
sx 1 x 3y2 dx

y sarcsin xd2 dxy x 2
s4 2 x 2 d3y2 dx

ypy4
0

x sin xcos3x dxyln 10
0

e xse x 2 1e x
1 8 dx

y dxe xs1 2 e22xy1
21 x 5 sec x dx

y s
3 x 1 1
s3 x 2 1 dxypy2

0  cos3x sin 2x dx
y x sin x cos x dxy 3x 3

2 x 2
1 6x 2 4

sx 2
1 1dsx 2

1 2d
dx

y e x cos x dxy dxxsx 2 1 1

y test dty dx
sx 2 2 4x

y tan5
u sec3

u duy x 1 19x 2
1 6x 1 5 dx

y x 2
1 8x 2 3x 3

1 3x 2 dxy x sec x tan x dx
y sec6

utan2
u

duy x 2 1x 2
1 2x dx

y x 2
1 2x 1 2 dxy es3 x dx

y1
21

sin x1 1 x 2 dxy2
1
sx 2 2 1x dx
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71. Use the Comparison Theorem to determine whether the integral 

is convergent or divergent.
72. Find the area of the region bounded by the hyperbolaand the line .
73. Find the area bounded by the curves and between and .
74. Find the area of the region bounded by the curves, , and .
75. The region under the curve , isrotated about the -axis. Find the volume of the resulting solid.
76. The region in Exercise 75 is rotated about the -axis. Find thevolume of the resulting solid.
77. If is continuous on and , show that

78. We can extend our definition of average value of a continuousfunction to an infinite interval by defining the average valueof on the interval to be

(a) Find the average value of on the interval .(b) If and is divergent, show that theaverage value of on the interval is , ifthis limit exists.(c) If is convergent, what is the average value of on the interval ?(d) Find the average value of on the interval .
79. Use the substitution to show that

80. The magnitude of the repulsive force between two pointcharges with the same sign, one of size 1 and the other of size, is
where is the distance between the charges and is a con-stant. The potential at a point due to the charge isdefined to be the work expended in bringing a unit charge tofrom infinity along the straight line that joins and . Finda formula for .V PqP

qPV «0r
F ­

q4p«0r 2
q

y`

0
ln x1 1 x 2 dx ­ 0

u ­ 1yx
f0, `dy ­ sin xfa, `d

fx`a f sxd dx
lim xl` f sxdfa, `dfx

`a f sxd dxf sxd ù 0 f0, `dy ­ tan21x
limtl`

1t 2 a yt
a f sxd dx

fa, `df

y`

0 f 9sxd dx ­ 2f s0d

lim xl` f sxd ­ 0f0, `df 9

y
x y ­ cos2x, 0 ø x ø py2

x ­ 1y ­ 1y(2 2 sx )y ­ 1y(2 1 sx )
x ­ px ­ 0 y ­ cos2xy ­ cos x

y ­ 3y 2
2 x 2

­ 1

y`

1
x 3

x 5
1 2 dx

67. The speedometer reading ( ) on a car was observed at 1-minute intervals and recorded in the chart. Use Simpson’sRule to estimate the distance traveled by the car.

68. A population of honeybees increased at a rate of bees perweek, where the graph of is as shown. Use Simpson’s Rulewith six subintervals to estimate the increase in the bee popu-lation during the first 24 weeks.

69. (a) If , use a graph to find an upper bound for .(b) Use Simpson’s Rule with to approximate and use part (a) to estimate the error.(c) How large should be to guarantee that the size of theerror in using is less than ?
70. Suppose you are asked to estimate the volume of a football.You measure and find that a football is 28 cm long. You use apiece of string and measure the circumference at its widestpoint to be 53 cm. The circumference 7 cm from each end is45 cm. Use Simpson’s Rule to make your estimate.

28 cm

0.00001Sn
nxp0 f sxd dx n ­ 10| f s4dsxd|

f sxd ­ sinssin xdCAS

r

0 2420161284
(weeks)t

4000

8000

12000

r rstd

v
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t (min) (miyh) t (min) (miyh)
0 40 6 561 42 7 572 45 8 573 49 9 554 52 10 565 54
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