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This ar ti cle re con sid ers as pects of the anal y sis con ven tion ally used to es tab lish ac -
cu racy, per for mance and lim i ta tions of the heat bal ance in te gral method: the o ret i -
cal and prac ti cal rates of con ver gence are con firmed for a fa mil iar piecewise  heat- 
-bal ance in te gral based upon mesh re fine ment, and the use of bound ary con di tions
is dis cussed with re spect to fixed and mov ing bound aries.
Al ter nates to mesh re fine ment are in creased or der of ap prox i ma tion or non-poly -
no mial ap proxi mants. Here a phys i cally in tu itive high-or der poly no mial heat bal -
ance in te gral for mu la tion is de scribed that ex hib its high ac cu racy, rapid con ver -
gence, and de sir able qual i ta tive so lu tion prop er ties. The sim ple ap proach
com bines a global ap proxi mant of pre scribed de gree with spa tial sub-di vi sion of
the so lu tion do main. As a variational-type method, it can be ar gued that  heat-bal -
ance in te gral is sim ply “one amongst many”. The ap proach is com pared with sev -
eral es tab lished variational for mu la tions and per for mance is ad di tion ally as sessed
in terms of “smooth ness”.

Key words: heat balance integral, high-order polynomial approximants 

In tro duc tion 

The semi-an a lyt i cal heat-bal ance in te gral method (HBIM) pro posed by Good man [1]
pro vides ap prox i mate func tional so lu tions to trans port phe nom ena gov erned by par tial dif fer en -
tial equa tions. Spa tial bound ary con di tions are satisfed by the cho sen ap proxi mant, to gether
with an in te gral (weak) form of the gov ern ing con ser va tion equa tion(s). The re sil ience of the
method over the past 50 years to the emer gence of in creas ingly so phis ti cated nu mer i cal meth od -
ol o gies and ex po nen tially in creas ing com puter power is a tes ta ment to the sound ness of its in -
her ent sim plic ity, based as it is upon the fun da men tal con ser va tion laws of the prob lem to be
tack led (which makes it ap peal ing to sci en tists and en gi neers alike) to gether with sim ple un der -
ly ing ap proxi mants that are eas ily ma nip u lated and enu mer ated. These two prin ci ples make it
readily ap pli ca ble to a wide range of prob lems, in par tic u lar those con tain ing non-lin ear con tri -
bu tions that com prise the more re al is tic de scrip tions of in dus trial pro cess mod els.

Good man’s [1] ap proach was to con struct qua dratic tem per a ture pro files for tran sient
one-di men sional heat trans fer, with and with out phase change, later suc cess fully ap plied to sev -
eral two-phase melt ing prob lems by Good man et al. [2]. In 1964 Good man pub lished his ex ten -
sive sur vey of in te gral meth ods ap plied to heat trans fer prob lems, of which the HBIM is one [3].

Since Good man’s pro posal [1] many pa pers have been pub lished that de scribe im -
prove ments to the ac cu racy of the orig i nal method, in ad di tion to nu mer ous de scrip tions of ap -
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pli ca tions of the method. Early pa pers de scribed mod i fi ca tions to the ba sic qua dratic pro file, in -
clud ing mod er ate in creases in the de gree of the ap proxi mant, and from the mid 1970s the fo cus
shifted to spa tial and tem per a ture sub-di vi sion cou pled with low-or der piecewise ap proxi mants.

Good man’s (first) re fine ment of the HBIM de vel oped cu bic and quartic poly no mial
pro files for tran sient pure heat con duc tion in one-di men sion [4]. Ad di tional con stants ap pear ing 
in the higher-or der pro files were eval u ated by sat is fy ing ex tra de rived con di tions (with out ob vi -
ous phys i cal mean ing) at a spec i fied pen e tra tion depth be yond which no heat trans fer took
place. Hills [5] gen er al ised the in te gral method by char ac ter is ing the so lid i fi ca tion pro cess by
two pa ram e ters (thick ness of the so lid i fied layer and tem per a ture of the outer sur face) as op -
posed to the con ven tional sin gle-pa ram e ter char ac teri sa tion us ing thick ness alone. The ap -
proach, val i dated against ex per i men tal ev i dence [6], was very ef fec tive at deal ing with a wide
range of cool ing con di tions. Lang ford [7] gave an ac cu racy cri te rion for the HBIM us ing
higher-or der ap proxi mants based upon sat is fy ing a num ber of de rived con di tions at the
phase-change bound ary. 

No ble [8] sug gested a com bi na tion of spa tial sub-di vi sion and low-or der piecewise
ap proxi mants as an al ter na tive re fine ment of the HBIM. Bell [9, 10] dis cussed spa tial sub di vi -
sion for both plane and ra dial ge om e tries and in each case dem on strated the ef fec tive ness of the
so lu tion us ing only a few sub-di vi sions and piecewise lin ear ap proxi mants, hard to better even
to this day. The ap proach also cir cum vents the ac knowl edged sen si tiv ity of the HBIM to the se -
lected ap proxi mant. Bell [11] in tro duced the use of tem per a ture sub-di vi sion and the mod i fi ca -
tion was suc cess fully ap plied to the two-phase so lid i fi ca tion prob lem of es ti mat ing the pen e tra -
tion depth of frost [12]. Bell et al. [13] pre sented an anal y sis that es tab lished the for mal
con ver gence of the HBIM, us ing the ear lier re fine ment [9], to the an a lytic so lu tion for pure heat
con duc tion in a semi-in fi nite me dium. This was later gen er al ised to in clude phase-change by
Mosally et al. [14].

This short re view fo cussed upon im ple men ta tion, and ne glected a myr iad of re ports on 
ap pli ca tion ar eas of the HBIM, the ex ten sion from Car te sian co or di nates to both cy lin dri cal and
spher i cal co or di nates typ i fied by, amongst oth ers, Caldwell [15-18] and Bell [10], and the use of 
non-poly no mial ap proxi mants. In this vein, this pa per dis cusses the use of poly no mial ap proxi -
mants of ar bi trary or der within the con text of the HBIM. A sim ple tech nique, in the spirit of the
orig i nal con cept, is pro posed for gen er at ing the ad di tional equa tions (with phys i cal mean ing) re -
quired to eval u ate the ex tra co ef fi cients ap pear ing in higher-or der ap proxi mants. A highly ac cu -
rate global ap prox i ma tion is ob tained with ex cel lent con ver gence prop er ties. The ap proaches of
Good man [4] and Lang ford [7] would be very com pli cated, and not un am big u ous, to ap ply to an 
ap proxi mant of ar bi trary de gree.

Model prob lem

To place the pres ent pro posal, the pop u lar piecewise re fine ment [13] is im ple mented
to gether with sev eral fa mil iar variational meth ods. Fea tures of the method are dem on strated by
ap pli ca tion to a dimensionless prob lem de scrib ing sin gle-phase melt ing of ice: 
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Equa tion (1) de scribes heat flow in the liq uid re gion, eqs. (2) and (3) set the fixed
bound ary (x = 0) and mov ing melt front [x = s(t)] tem per a tures, eq. (4) sets the ini tial tem per a -
ture, the Stefan con di tion (5) de scribes heat ab sorp tion at the melt front (b = L/c(T0 – Tm) is the
ra tio of la tent to sen si ble heat). The ex act so lu tion to model (1)-(5) is:
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where a is the root of the equa tion p1 2/ aerf(a) expa2 = b. The model and its so lu tion are eas ily
re lated to a phys i cal de scrip tion by the vari able changes X = lx, t = l2t/k, T = Tm + (T0 – Tm)U, and 
S = ls.

Heat-bal ance in te gral method 

For the model (1)-(5) the con ven tional piecewise lin ear HBIM [13] di vides the do main 
[0, s] into n sub-in ter vals of length s/n on which the tem per a ture U is ap prox i mated by a
piecewise lin ear pro file:
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vi » U(xi , t), v0 = 1, vn = 0 and xi = is/n. Gen er at ing a heat-bal ance in te gral on each sub-in ter val: 
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re plac ing U by the pro file (8), with piecewise con stant tem per a ture gra di ent: 
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yields a sys tem of n or di nary dif fer en tial equa tions for v1,...,vn–1 and s:
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From eqs. (11) and (12), vi can be ex pressed as a three-term re cur rence re la tion: 
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Re peated ap pli ca tion of eq. (13), with v0 =1, yields a poly no mial equa tion for h: 
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On solv ing eq. (15) for h, the ap prox i mate tem per a ture pro file is ob tained from eqs.
(13) and (14), and the melt front is found by solv ing eq. (12):
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Fig ure 1(a) shows the spa tial rel a tive er ror for three suc ces sive re fine ments, plus the
er ror of a high-ac cu racy so lu tion ob tained via Rich ard son’s ex trap o la tion. Fig ure 1(b) shows
log10er ror, ef fec tively the num ber of sig nif i cant dig its (ob tained at lit tle ad di tional arith me tic
cost). Ex trap o la tion al most dou bles the num ber of sig nif i cant dig its. How ever, what is ev i dent is 
the wide range of ac cu racy across the spa tial do main, chang ing by at least one or der of mag ni -
tude for the ba sic so lu tions, and by two or ders of mag ni tude in the ex trap o lated so lu tion. This
un even dis tri bu tion of ac cu racy is, per haps, a less fa mil iar fea ture of the HBIM, and is not par -
tic u larly de sir able.

In the nu mer i cal frame work de vel oped above, the mov ing bound ary con di tion (5) is
ex plic itly in cor po rated into the for mu la tion. Due in part, per haps, to the use of time-de pend ent
con stants in the ap proxi mants such as Good man’s [3]

v = a(x – s) + b(x – s)2 (17) 

ear lier au thors have tended to use the de rived mov ing-bound ary con di tion:
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based upon the gov ern ing dif fer en tial equa tion be ing sat is fied on the mov ing bound ary. Strictly
this is not true, and use of eq. (18) can lead to sig nif i cant vari a tion in so lu tion ac cu racy [19], par -
tic u larly as the Stefan con stant b var ies.
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Fig ure 1. Spa tial (rel a tive) er ror in tem per a ture for n = 10, 20, and 40 sub-in ter vals
(a) er ror, (b) log10er ror



          Ta ble 1. Ac cu racy of bound ary-con di tion com bi na tions as a 
          func tion of b; A – best, B – av er age, C – worst [19]

Stefan
HBI

¶v/¶x

   b in ter val

Min.

Max.

>0

0.055

0.055

0.064

0.064

0.075

0.075

2/15

2/15

1 Eq. (5) Eq. (5) A B C C A

2 Eq. (5) Eq. (18) Fail

3 Eq. (5) Eq. (19) A B C C A

4 Eq. (18) Eq. (5) B A A B B

5 Eq. (18) Eq. (18) C C B A C

6 Eq. (18) Eq. (19) C C B A C

Fig ures 2(a) and 2(b) show the vari a tion in er ror of the melt front pa ram e ter es ti mates
pro vided by the six bound ary-con di tion pairs listed in tab. 1 (op tion 2 fails com pletely). The col -
umn ”Stefan” iden ti fies the equa tion used to drive the mov ing bound ary, and the col umn ”HBI”
de notes the con di tion used to eval u ate ¶v/¶x at x = s(t) in the HBI so lu tion pro cess. The most ac -
cu rate op tion is de pend ent upon b and the fi nal 5 col umns of tab. 1 quan tify the in ter vals. The
con clu sion of these ob ser va tions is that na ive im ple men ta tion of the HBIM will not maxi mise its 
ap prox i ma tion po ten tial.

High-or der poly no mial ap prox i ma tions

Given the high ac cu racy but poor er ror dis tri bu tion pro vided by mesh re fine ment of the
HBI, here we seek high ac cu racy by ’or der’ with the ad di tional goal of im prov ing uni for mity of
er ror.

We seek a poly no mial so lu tion v of de gree N ³ 2 to eqs. (1)-(5)
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Fig ure 2. Er ror in melt front pa ram e ter a* for bound ary con di tion com bi na tions [19]
(a) small b, (b) large b
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where a1,..., aN are con stants to be de ter mined, v sat is fies the spa tial con di tion (3), and en forc ing 
the spa tial con di tions (2) and (5) re quires:
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Equa tion (21) im plies the fa mil iar square-root be hav iour for the mo tion of the phase-change
bound ary, s(t) = (2a1t/b)1/2, and so (a1/2b)1/2 is an es ti mate to the melt front pa ram e ter a.

If N = 2 [1] then eq. (20), a1 + a2 = 1, is com bined with the stan dard HBI of the par tial
diferential equa tion (1):
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in which  U is re placed by the ap proxi mant v. In this way the two coefficients a1 = 611/2 – 7 and
a2 = 8 – 611/2 are ob tained, and:
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Fig ure 3 pro vides a com par i son of the ex act and ap prox i mate so lu tions, eqs. (6) and
(23), for b =1. The tem per a ture pro files – fig. 3(a) – and melt front his to ries – fig. 3(b) –  ex hibit
the fa mil iar close agree ment.

Spa tial sub-di vi sion

To gen er al ise the stan dard HBI (22)  for N ³ 2,  and eval u ate a1,..., aN, we sub-di vide
[0, s] into N – 1 cells of size s/(N – 1) and es tab lish a HBI on each cell:
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Fig ure 3. Ex act and qua dratic HBIM so lu tions to the model (1)-(5), b = 1, at t = 1
(a) tem per a ture pro file, (b) melt front his tory



where xj = js/(N – 1). The sub-di vi sion does not gen er ate a piecewise ap proxi mant – eqs. (8) and
(9) – but forces lo cal en ergy bal ances for a global ap proxi mant on a set of sub-do mains as op -
posed to a global bal ance across the en tire do main [0, s]. As N in creases so eq. (24) is a state ment 
of an in creas ingly lo cal (strong) heat-bal ance. On re plac ing U by the ap proxi mant (19), eq. (24)
can be writ ten in the form:
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where (n = N – 1, m = j – 1)

Equa tions (20) and (25) de scribe a sys tem of N non-lin ear equa tions for a = [a1,..., aN]T

of the form f (a) = 0. f = [f1 ... fN]T de notes the func tional form of the N equa tions:
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readily solved by New ton’s method (see the sec tion Re sults and dis cus sion). If N = 2 (m = 0) this 
for mu la tion rec re ates Good man’s orig i nal qua dratic [1]. How ever, in Good man’s so lu tion the ai

are func tions of time whereas here they are in de pend ent of time due to the choice of ba sis in eq.
(19). 

Variational meth ods

The fore go ing de scrip tion re sem bles es tab lished variational solv ers for PDEs. To
high light ad van tages of the pro posed for mu la tion, two fa mil iar weighted-re sid ual tech niques
are ap plied to eqs. (1)-(5): Galerkin (weights are ap proxi mant ba sis func tions) and col lo ca tion.
All three ap proaches shares the ad van tage that a func tional is not re quired, which for time-de -
pend ent prob lems can be dif fi cult to de velop (e. g. Ray leigh-Ritz se lects con stants ai to mini -
mise a pos i tive def i nite func tional as so ci ated with the gov ern ing PDE). 

Galerkin

The gov ern ing eq. (1) is mul ti plied by the weight func tion (1 – x/s)m and in te grated
over the spa tial do main to gen er ate N – 1 iden ti ties:
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This re duces to the con ven tional form (22) when N = 2 (m = 0). With in creas ing m
more em pha sis upon the evolv ing heat trans fer pro cess is given to the ef fect of the tem per a ture
pro file “far” from the phase-change bound ary (the ba sic HBIM for mu la tion gives equal weight
to all points in the do main [0, s]). Equa tions (27) and (20) may be used to de ter mine a1,...,aN. On
sub sti tut ing the poly no mial pro file (19) into eq. (27), we ob tain the al ge braic sys tem (25), where 
now:
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Col lo ca tion

The re sid ual r = Ut – Uxx is set to zero at N – 1 equi-spaced in ter nal nodes xj = js/N,
j = 1,..., N – 1, to de fine equa tions for a1,..., aN the bound ary con di tions on tem per a ture are
sat is fied by the ap proxi mant (19). Re plac ing U by v in the re sid ual and en forc ing the N – 1
nodal con di tions r[v(xj)] = 0 gen er ates the sys tem (25) with (note that m = j – 1):

A
i m

N

m

N

B

i

i i
m

N

i

mi

mi

=
+

-
+æ

è
ç

ö

ø
÷

=

=

- -
+æ

è
ç

-
( )

,

( )

1
1

1

0 1

1 1
1

1

ö

ø
÷ =

ì

í
ï

î
ï

-i

i N
2

1, , ,K

Re sults and dis cus sion

For the es tab lished piecewise
lin ear HBIM and b = 1, tab. 2 lists
es ti mates to a [~(a1/2)1/2], tem per -
a ture v at x = s/2, in ci dent heat
flux, and s. The re sults con verge at 
the ex pected rate O(n–1) [14]. Ta -
ble 3 shows the same four pa ram e -
ters com puted us ing the three
high-or der, meth ods, for var i ous
val ues of N. The meth ods give the
ex pected very sim i lar re sults to the 
pa ram e ter es ti mates listed, con -
verg ing rap idly with N. For N = 5
the re sults are one to two or ders of
mag ni tude better than the piece-
wise-lin ear ap proach with n = 40
(8 times as many equa tions), and
con form to the qua dratic form for
N = 2. Col lo ca tion is mar gin ally
worse due to the pointwise (as op -
posed to el e ment-based) na ture of
the es tab lished bal ance (in this
case forc ing the re sid ual to zero).
The high-or der meth ods pro vide
very sim i lar val ues for the co ef fi -
cients ai, shown in tab. 4, that are
con sis tent with the data in tab. 3.
Col umn-by-col umn the ai con -
verge rap idly with N, in par tic u lar
a1 ® 2a2.
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Ta ble 2. Melt pa ram e ter a*, tem per a ture v(x = s/2), in ci dent
heat flux v'(x = 0), and melt front s, at t = 1, us ing a piecewise
lin ear ap proxi mant

n a* v ¶v/¶x s

10  0.6139  0.4575 –0.9038  1.2279

20 0.6170  0.4552 –0.9072 1.2339

40 0.6185 0.4540 –0.9090 1.2370

Ex act 0.6201 0.4528 –0.9108 1.2401

Ta ble 3. Melt pa ram e ter a*, tem per a ture v(x = s/2), in ci dent
heat flux v'(x = 0), and melt front s, at t = 1, us ing high-or der
poly no mi als

N a* v ¶v/¶x s

Sub-di vi sion 2

3

4

5

0.6365

0.6197

0.6200

0.6201

0.4526

0.4549

0.4528

0.4528

 -0.9346

 -0.9108

–0.9107

–0.9108

1.2730

1.2393

1.2400

1.2401

Galerkin 2

3

4

5

0.6365

0.6198

0.6201

0.6201

0.4526

0.4549

0.4529

 0.4529

–0.9346

–0.9111

–0.9108

–0.9108

1.2730

1.2396

1.2401

1.2401

Col lo ca tion 2

3

4

5

0.6325

0.6159

0.6198

0.6202

0.4500

0.4528

0.4529

0.4528

–0.9487

–0.9227

–0.9097

–0.9104

1.2649

1.2318

1.2395

1.2403

Ex act 0.6201 0.4528 –0.9108 1.2401



A fa mil iar char ac ter is tic of high-or -
der poly no mial ap proxi mants is their
ten dency to os cil late and thereby in tro -
duce spu ri ous (nu mer i cal) ar ti facts into 
the so lu tion pro file. Fig ures 4 and 5
show the spa tial log10 relative error
distribution for val ues of N us ing the
three high-or der schemes. This broadly 
in di cates the num ber of dig its of ac cu -
racy at each node xi. Ap prox i mately
one digit of ac cu racy is gained with
each or der of the ap proxi mant, with the 
Galerkin ap proach giv ing slightly
better ac cu racy than the sub-di vi sion
ap proach for high val ues of N. For odd
or ders (N = 3, 5, 7, and 9 are shown),
sub-di vi sion (fig. 4) main tains a (de sir -
able) smoother spa tial er ror dis tri bu tion. Es tab lish ing el e men tal heat bal ances ap pears to coun -
ter act the nat u ral ten dency of high-or der poly no mial ap proxi mants to os cil late due to a nat u rally
in creas ing num ber of turn ing points. In other words, sub-di vi sion main tains the cor rect shape
and re sists the in tro duc tion nu mer i cal ar ti facts into the so lu tion that have no phys i cal mean ing.

Fig ure 6 shows the ob served rel a tive er ror (in clud ing the sign) for each of the three
high-or der for mu la tions across the so lu tion do main. The for mu la tions ex hibit fairly dis tinct er ror
pro files and across a range of or ders, N, it is not easy to iden tify one par tic u larly dom i nant method. 
Ta ble 5 lists the mean log error  and stan dard de vi a tion (SD) for the er ror pro files shown in fig. 6.

THERMAL  SCIENCE: Vol. 13 (2009), No. 2, pp. 11-25 19

Ta ble 4. Co ef fi cients ai for sub-di vi sion, Galerkin, and col lo ca tion

N a1 a2 a3 a4 a5 a6 a7

Sub-di vi sion

2

3

4

5

6

7

0.81025

0.76794

0.76882

0.76896

0.76896

0.76896

0.18975

0.33530

0.29949

0.29438

0.29559

0.29567

–0.10324

–0.03470

–0.01583

–0.02238

–0.02300

–0.03361

–0.05681

–0.04324

–0.04131

 

 0.00930

–0.00230

–0.00593

0.00407

0.00625 –0.00063

Galerkin

2

3

4

5

6

7

0.81025

0.76832

0.76894

0.76896

0.76896

0.76896

0.18975

0.33400

0.29949

0.29472

0.29560

0.29566

–0.10232

–0.03526

–0.01659

–0.02241

–0.02293

–0.03317

–0.05628

–0.04329

–0.04147

  0.00919

–0.00287

–0.00577

0.00401

0.00618 –0.00062

Collocation 

2

3

4

5

6

7

0.80000

0.75864

0.76819

0.76923

0.76897

0.76895

0.20000

0.34611

0.30132

0.29312

0.29552

0.29571

–0.10475

–0.03484

–0.01374

–0.02226

–0.02315

–0.03468

–0.05803

–0.04327

–0.04105

  0.00943

–0.00310

–0.00616

0.00415

0.00633 –0.00063

Fig ure 4. log10 error profiles at t = 1 (sub-di vi sion)



The bold val ues in di cate the best ap proach for each spec i fied value of N, show ing a mid-range
dom i nance by Galerkin, with spa tial sub-di vi sion emerg ing as ma chine pre ci sion is ap proached –
the Galerkin sys tem of non-lin ear equa tions be comes in creas ingly ill-con di tioned.

How ever, for all listed or ders, N, the stan dard de vi a tion of Galerkin is high est,
(crudely) in di cat ing a wider “spread” of pre ci sion across the so lu tion do main. For N = 6 and N =
= 10, col lo ca tion pro vides re mark ably con sis tent pre ci sion.

Both mean and SD pro vide spa tially-trans par ent mea sures of ten dency and vari a tion.
Fig ure 7 dis plays the vari a tion in slope (first dif fer ence) of the log error . At this point it is clear
that the Galerkin re sponse a spa tially more os cil la tory and, ex cept for N = 2, 4, 6, and 8, sub-di -
vi sion shows a con sid er ably more mod er ate fluc tu a tion (that even bet ters that of col lo ca tion). It
is a fairly sub jec tive anal y sis but the in di ca tion from these crude tools is that spa tial sub-di vi sion 
smoothes the be hav iour of the er ror, thus lead ing to more con sis tency in ac cu racy across the so -
lu tion do main.
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Ta ble 5. Mean and stan dard de vi a tion of data pre sented in fig. 6

N
Sub-division Galerkin Col lo ca tion

Mean SD Mean SD Mean SD

  2

  3

  4

  5

  6

  7

  8

  9

10

11

12

13

–2.13

–2.60

–4.10

–4.58

–6.42

–6.65

–8.78

–8.78

–11.03

–10.96

–13.04

–13.20

0.52

0.41

0.54

0.36

0.56

0.36

0.66

0.35

0.23

0.35

0.29

0.35

–2.13

–2.60

–3.90

–4.98

–6.52

–7.25

–9.12

–9.86

–11.77

–12.05

–12.13

–11.83

0.52

0.44

0.40

0.48

0.60

0.39

0.51

0.53

0.37

0.38

0.43

0.49

–2.12

–3.08

–3.90

–5.21

–5.81

 –6.83

–7.96 

–8.63

–10.32

–10.67

–12.73

–12.65

0.41

0.53

0.22

0.70

0.11

 0.50

0.16

0.44

0.08

0.48

0.54

0.50

Fig ure 5. log10 error profiles at t = 1; (a) Galerkin, (b) col lo ca tion
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Fig ure 6. Or ders N = 2 to 13; e = log10 error  spa tial dis tri bu tion for 1 – blue sub-di vi sion, 2
– red Galerkin, and 3 – green col lo ca tion (color im age see on our web site)
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Fig ure 7. Or ders N = 2 to 13; spa tial dis tri bu tion of De, e = log10 error  for 1 – blue sub-di vi -
sion, 2 – red Galerkin, and  3 – green col lo ca tion (color im age see on our web site)
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Figure 8. Orders N = 2 to 13; spatial distribution of D2e, e = log10 error  for 1 – blue
sub-division, 2 – red Galerkin, and 3 – green collocation (color image see on our web site)



Con clu sions

This work has in di cated how high-or der poly no mial ap proxi mants based upon spa tial
sub-di vi sion can be very eas ily con structed for use with the HBIM to pro vide a highly ac cu rate
and rap idly con ver gent nu mer i cal so lu tion pro cess for solv ing (cer tain) trans port prob lems. The
sub-di vi sion for mu la tion, in gen eral, pro vides the larg est num ber of siginificant dig its (for a
given poly no mial or der N) and the small est stan dard de vi a tion, and the use of lo cal (el e men tal)
heat bal ances is to be pre ferred over weighted heat bal ance integrals (Galerkin) in or der to gen -
er ate ap prox i ma tions hav ing smooth spa tial er ror dis tri bu tions. This sug gests that it may be the
pre ferred meth od ol ogy. How ever, in the round there is no clear fa vour ite, and there is prob a bly
an equally com pel ling (or not) ar gu ment that would sug gest that allhigh-or der im ple men ta tions
per form sim i larly. How ever, the small dif fer ences al ready noted are cur rently be ing in ves ti -
gated in more de tail by means of op ti mi sa tion tech niques in or der to tease out the “best” model
for mu la tion.
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